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Abstract

The paper analyzes the impact of the initial observation on the problem of testing for unit
roots. To this end, we derive a family of optimal tests that maximize a weighted average
power criterion with respect to the initial observation. We then investigate the relationship
of this optimal family to unit root tests in an asymptotic framework. We find that many
popular unit root tests are closely related to specific members of the optimal family, but the
corresponding members employ very different weightings for the initial observation. The
popular Dickey-Fuller tests, for instance, are closely related to optimal tests which put a
large weight on extreme deviations of the initial observation from the deterministic
component, whereas other popular tests put more weight on moderate deviations. At the
same time, the power of the various unit root tests varies dramatically with the initial
observation. This paper therefore helps to explain the results of comparative power studies
of unit root tests, and allows a much deeper understanding of the merits of particular tests
in specific circumstances.
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41 lqwurgxfwlrq

Ihz sdshuv lq wkh odujh xqlw urrw whvwlqj olwhudwxuh h{solflwo| dgguhvv wkh uroh
ri wkh ehjlqqlqj ri wkh gdwd vhulhv | � 1 Lq dqdo|}lqj wkh surshuwlhv ri wkhvh whvwv/
doo sdshuv pxvw pdnh dq dvvxpswlrq rq wkh ghyldwlrq ri | � iurp lwv prghoohg
ghwhuplqlvwlf sduw � fdoo wklv ghyldwlrq �1 Dv lv nqrzq iurp Prqwh Fduor vwxglhv
dqg vkrzq dqdo|wlfdoo| ehorz/ wkh zd| wkh qxlvdqfh sdudphwhu � lv ghdow zlwk d�hfwv
surirxqgo| wkh srzhu shuirupdqfh dqg wkh uhohydqw dv|pswrwlf wkhru|/ dv zhoo dv
rswlpdolw| uhvxowv iru whvwlqj surfhgxuhv1 Wkh prwlydwlrq ehklqg wklv sdshu lv wr
ghyhors rswlpdolw| wkhru| zlwk uhjdugv wr whvwlqj d xqlw urrw xqghu ydulrxv srvvleoh
dvvxpswlrqv rq wkh lqlwldo frqglwlrq/ dqg dovr wr vkrz wkh lpsolflw dvvxpswlrqv
pdgh e| ydulrxv whvwv fxuuhqwo| lq xvh iru whvwlqj iru d xqlw urrw1 Lq wklv zd| zh
jdlq d ghhshu xqghuvwdqglqj ri wkh surshuwlhv ri wkhvh qrz xeltxlwrxv whvwv1 Lq
dgglwlrq zh ghulyh d jhqhudo idplo| ri ihdvleoh whvwv wkdw kdyh nqrzq rswlpdolw|
surshuwlhv1

Wkhuh kdv ehhq juhdw hpskdvlv rq *jhwwlqj wkh ghwhuplqlvwlf whupv uljkw* lq wkh
xqlw urrw whvwlqj olwhudwxuh/ erwk wkhruhwlfdoo| dqg lq sudfwlfh1 Wklv lv lpsruwdqw
iru erwk wkh qxoo dqg dowhuqdwlyh prgho1 Lq rqh vhqvh/ wkh lqlwldo frqglwlrq kdv
dq h�hfw vlplodu wr wkhvh ghwhuplqlvwlf whupv1 D �{hg qrq}hur lqlwldo frqglwlrq
lqwurgxfhv d whup wkdw lv lqglvwlqjxlvkdeoh iurp d phdq vkliw zkhq wkhuh lv d xqlw
urrw dqg d whup zklfk dv|pswrwhv wr }hur zkhq wkh urrw lv ohvv wkdq rqh1 Wkh
sulpdu| gl�huhqfh ehwzhhq wkh w|slfdo ghwhuplqlvwlf whupv dqg wkh lqlwldo frqglwlrq
lv wklv gl�huhqwldo ehkdylru xqghu wkh qxoo dqg dowhuqdwlyh k|srwkhvhv1 Wkh xvxdo
phwkrg iru ghdolqj zlwk ghwhuplqlvwlf whupv/ lqyduldqfh/ lv qrw dssursuldwh lq wklv
vlwxdwlrq1 Lqvwhdg/ zh ghulyh wkh lpsolfdwlrq wkdw iru dq| xqlw urrw whvw rqh pxvw
wdnh hlwkhu lpsolflwo| ru h{solflwo| wdnh d vwdqg rq zkdw wkh lqlwldo frqglwlrq lv1

Wkh lghd wkdw rqh pxvw wdnh d vwdqg rq wkh lqlwldo frqglwlrq vhhpv dw rggv zlwk
wkh pdmrulw| ri wkh olwhudwxuh1 W|slfdoo|/ prvw sdshuv ghulyh wkhlu whvwv xqghu wkh
dvvxpswlrq wkdw � lv frqvwdqw ru frphv iurp d erxqghg glvwulexwlrq1 Lq whupv ri
wkh frqyhujhqfh ri | � vxlwdeo| vwdqgdugl}hg wr dq Ruqvwhlq0Xkohqehfn surfhvv vxfk
dvvxpswlrqv kdyh qr h�hfw dv � vlploduo| wudqviruphg glvdsshduv dw udwh W

�����
1 Wkxv

xqghu wklv dvvxpswlrq/ rqh fdq ljqruh wklv whup1 Vhfrqgo|/ lq whupv ri rswlpdolw|
xqghu dvvxpswlrqv vxfk dv qrupdolw| ri wkh xqghuo|lqj huuru surfhvv/ wklv whup lq
wkh olnholkrrg vlploduo| glvdsshduv dv|pswrwlfdoo| dqg vr fdq eh ljqruhg1 Krzhyhu
lq �{hg vdpsoh vl}hv wklv whup pd| zhoo eh uhodwlyho| odujh frpsduhg wr wkh whupv
wkdw gr qrw glvdsshdu dv|pswrwlfdoo|/ dqg khqfh wkh w|slfdo ixqfwlrqdo fhqwudo olplw
wkhruhp uhvxowv pd| qrw jlyh jrrg dssur{lpdwlrqv wr wkh vpdoo vdpsoh glvwulexwlrqv
dqg srzhu ixqfwlrqv ri wkh whvwv1 Whvwv zklfk duh wkhruhwlfdoo| rswlpdo iru odujh
vdpsohv zkhq zh ljqruh wklv whup pd| zhoo eh vxerswlpdo lq sudfwlfh1

Zh ghdo zlwk erwk ri wkhvh lpsolfdwlrqv iru wkh lqlwldo frqglwlrq1 Lq whupv ri
rswlpdolw|/ zh uhod{ wkh dvvxpswlrqv rq � wr lqfoxgh wkh fdvhv zkhuh lw glvdsshduv
exw dovr fdvhv zkhuh � grhv qrw glvdsshdu dv|pswrwlfdoo|1 Wkh vhfrqg ri wkhvh
doorzv wkh suhvhqfh ri wkh lqlwldo frqglwlrq wr uhpdlq dv|pswrwlfdoo|/ dqg khqfh
surylgh srwhqwldoo| pruh uhohydqw dv|pswrwlf dssur{lpdwlrqv iru prghov zkhuh � lv
uhodwlyho| odujh1 Dv zh fdqqrw dsshdo wr lqyduldqfh wr ulg rxuvhoyhv ri wklv qxlvdqfh
sdudphwhu/ zh lqvwhdg ghulyh d idplo| ri whvwv zklfk duh rswlpdo lq wkh vhqvh ri
pd{lpl}lqj d zhljkwhg dyhudjh srzhu ryhu gl�huhqw ydoxhv ri �1

E| frpsdulvrq wr wkh rswlpdo idplo|/ wklv dqdo|vlv doorzv xv wr lqihu zkdw lpsolflw
zhljkwlqj lv pdgh e| frpprqo| dssolhg whvwv iru d xqlw urrw1 Iru vrph whvwv zh
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duh deoh wr vkrz wkdw wkh| duh lqghhg phpehuv ri wkh rswlpdo idplo| iru d fhuwdlq
zhljkwlqj ixqfwlrq1 Zklovw wkh Glfnh|0Ixoohu vwdwlvwlfv gr qrw ehorqj wr wklv rswlpdo
idplo|/ wkh| h{klelw d yhu| forvh uhodwlrqvkls wr whvw vwdwlvwlfv zklfk rswlpdoo| whvw
d vwdqgdug phdq uhyhuwlqj prgho djdlqvw d vshfldo lqwhjudwhg prgho1 Iru rwkhu
srsxodu whvwv/ zh duh deoh wr lghqwli| d vshfl�f phpehu ri wkh rswlpdo idplo| vxfk
wkdw wkh dv|pswrwlf srzhu ri wkh whvw dqg wkh fruuhvsrqglqj rswlpdo whvw ehfrphv
yhu| pxfk frpsdudeoh1

Wkhvh fruuhvsrqghqfhv doorzv xv wr pxfk ghhshu xqghuvwdqg wkh phulwv ri ydu0
lrxv xqlw urrw whvwv zlwk uhvshfw wr wkhlu kdqgolqj ri �1 Wkh lpsolflw zhljkwlqjv
h{sodlq pxfk ri wkh ehkdylru lq whupv ri srzhu ri gl�huhqw xqlw urrw whvwv1 Zh
�qg iru wkh srsxodu dxjphqwhg Glfnh| Ixoohu whvw wkdw lw sodfhv yhu| kljk zhljkw
rq h{wuhpho| odujh ydoxhv ri wkh lqlwldo frqglwlrq uhodwlyh wr wkh yduldqfh ri wkh
huuru surfhvv1 Iru rwkhu whvwv zklfk iduh zhoo lq Prqwh Fduor vwxglhv/ olnh whvwv
edvhg rq Zhljkwhg V|pphwulf hvwlpdwruv/ wkh lpsolflw zhljkwlqj lv frqfhqwudwhg
rq pxfk vpdoohu ydoxhv ri �1 Jlyhq wkdw erwk whvwv duh forvh wr rswlpdo iru gl�huhqw
dvvxpswlrqv frqfhuqlqj �/ wkh orzhu srzhu ri wkh Glfnh| Ixoohu whvwv lv d qdwxudo
frqvhtxhqfh ri wkh w|slfdo vhw0xs ri Prqwh Fduor vwxglhv zklfk xvh uhodwlyho| prg0
hudwh ydoxhv iru wkh lqlwldo frqglwlrq1

Lq wkh qh{w vhfwlrq zh exlog wkh edvlf prgho dqg glvfxvv ydulrxv phwkrgv krz wr
ghdo zlwk wkh qxlvdqfh sdudphwhu �1 Zh wkhq frqvlghu d idplo| ri whvwv zklfk pd{0
lpl}h zhljkwhg dyhudjh srzhu ryhu gl�huhqw lqlwldo frqglwlrqv/ zkhuh wkh zhljkwlqj
ixqfwlrq lv d jlyhq glvwulexwlrq ixqfwlrq lq erwk vpdoo dqg odujh vdpsohv1 Vhfwlrq
irxu uhodwhv frpprqo| hpsor|hg xqlw urrw whvwv wr phpehuv ri wkh rswlpdo idplo|1
Wkh uhodwlrqvklsv doorz xv wr h{sodlq wkh gl�huhqfhv lq urexvwqhvv wr wkh lqlwldo
frqglwlrq ehwzhhq wkh whvwv dqg dovr wkh srzhu wudgh0r�v lpsolflw lq wkh whvwv1 Il0
qdoo|/ zh ghulyh d idplo| ri ihdvleoh whvwv zklfk duh dv|pswrwlfdoo| htxlydohqw wr wkh
idplo| ri rswlpdo whvwv1

51 k|srwkhvlv whvwlqj dqg wkh lqlwldo frqglwlrq

Zh zloo frqvlghu wkh iroorzlqj jhqhudo prgho lq wklv sdshu

| � @ [
�
� � . �. z � w @ 3> 4> � � � > W

z � @ �z ��� � . � � w @ 4> � � � > W+514,

z � @ �

zkhuh [ � lv d suhghwhuplqhg yhfwru zklfk kdv qr frqvwdqw hohphqw/ [ � @ 3 dqg �/ �
dqg � duh xqnqrzq1 Zh dovr dvvxph wkdw wkh uhjuhvvru pdwul{ [ @ +[ � > � � � > [ � ,

�

kdv ixoo froxpq udqn1
Zh duh lqwhuhvwhg lq glvwlqjxlvklqj wkh wzr k|srwkhvhv

K � = � @ 4+515,

K � = � ? 4=

Wklv prgho kdv uhfhlyhg d juhdw ghdo ri dwwhqwlrq1 Whvw vwdwlvwlfv w|slfdoo| gr
qrw kdyh dssur{lpdwh qrupdo glvwulexwlrqv/ dqg pxfk ri wkh lqwxlwlrq iurp wkh
vwdwlrqdu| zruog dv wr zklfk whvwv duh rswlpdo grhv qrw krog iru wklv whvwlqj vlw0
xdwlrq1 Pdq| ihdvleoh whvw vwdwlvwlfv kdyh ehhq vxjjhvwhg/ wkh prvw idprxv ehlqj
Glfnh| dqg Ixoohu*v +4<:<, w0whvw dqg a�0whvw1 Prqwh Fduor hylghqfh ohdgv Sdqwxod/
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Jrq}doh}0Iduldv/ dqg Ixoohu +4<<7, wr surprwh whvwv edvhg rq Zhljkwhg V|pphw0
ulf uhjuhvvlrqv1 Oh|erxuqh +4<<8, vxjjhvwv d whvw edvhg rq iruzdug dqg uhyhuvh
Glfnh|0Ixoohu uhjuhvvlrqv1 Qrqh ri wkhvh whvwv kdyh nqrzq rswlpdolw| surshuwlhv1

Ohvv zrun lv frqfhuqhg zlwk wkh ghulydwlrq ri rswlpdo whvwv1 Gxirxu dqg Nlqj
+4<<4, ghulyh wkh Srlqw Rswlpdo Whvw dqg Orfdoo| Ehvw Whvw iru lqghshqghqw Jdxvv0
ldq glvwxuedqfhv � � dqg dq lqghshqghqw }hur0phdq qrupdo � iru ydulrxv �1 Hoolrww/
Urwkhqehuj/ dqg Vwrfn +4<<9, ghulyh wkh idplo| ri dv|pswrwlfdoo| rswlpdo whvwv
djdlqvw d �{hg dowhuqdwlyh � ? 4 zkhq � lv erxqghg lq suredelolw| dqg +srvvleo|
fruuhodwhg, Jdxvvldq � � 1 Urwkhqehuj dqg Vwrfn +4<<:, h{whqg wklv wr dowhuqdwh
glvwulexwlrqv rq wkh huuru whupv1 Hoolrww +4<<<, ghulyhv wkh idplo| ri dv|pswrwlfdoo|
rswlpdo whvwv iru lqghshqghqw � � zkhq � lv gudzq iurp lwv xqfrqglwlrqdo glvwulexwlrq
xqghu wkh �{hg dowhuqdwlyh1

Lq prvw sduwv ri wklv sdshu/ zh zloo frqvlghu � wr eh dq xqnqrzq dqg �{hg
qxlvdqfh sdudphwhu1 Zlwk | @ +| � > � � � > | � ,

�
/ z @ +z � > � � � > z � , dqg h d W � 4

yhfwru ri rqhv/ zh fdq zulwh wkh odvw W revhuydwlrqv ri wkh prgho pruh frpsdfwo|
dv

| @ [� . �h. z=

Qrwh wkdw wkh h{shfwdwlrq ri z lv qrw }hur/ exw udwkhu H^z` @ �U+�,/ zkhuh U+u,
lv wkh W � 4 yhfwru U+u, @ +u> u

�
> � � � > u � ,

�
1 Gh�qh wkh W � W pdwul{ D+u, dv

D+u, @

3
EEEEEC

4 3 3 � � � 3 3
�u 4 3 ��� � 3 3
3 �u 4 � � � 3 3
111

111
111

111
111

3 3 3 � � � �u 4

4
FFFFFD

dqg ohw Y eh wkh yduldqfh0fryduldqfh pdwul{ ri � @ +� � > � � � > � � ,
�
1 Wkhq D+�,+z �

�U+�,, @ �/ dqg wkh yduldqfh0fryduldqfh pdwul{ 	+�, ri z vdwlv�hv D+�,	+�,D+�,
�
@

Y= Ilqdoo|/ lw zloo iuhtxhqwo| eh xvhixo wr frqvlghu wkh surshuwlhv ri wkh yhfwru x @
z � �h= Zlwk 
+u, @ U+u,� h> zh �qg wkdw H^x` @ �
+�,1

Zh zloo xvh wloghv wr ghqrwh yhfwruv dqg pdwulfhv zklfk ghvfuleh wkh prgho iru

doo W .4 revhuydwlrqv= Ohw �| @ +| � > |
�
,
�
/ �[ @

�
4 3
h [

�
> �h d +W .4,� 4 yhfwru ri

rqhv/ �z @ +�>z,
�
> �U+u, @ +4> U+u,,

�
> �x @ +3> x

�
,
�
> �
+u, @ �U+u,� �h dqg �� @ +�> �

�
,
�
1

Zh fdq wkhq zulwh �| @ �[��. �z/ H^ �z` @ � �U+�,/ dqg wkh yduldqfh0fryduldqfh pdwul{

ri �z lv jlyhq e| �	+�, @ gldj+3>	+�,,1
Iurp d vwdwlvwlfdo shuvshfwlyh/ wkh lqlwldo frqglwlrq � lv mxvw dq dgglwlrqdo qxl0

vdqfh sdudphwhu ehvlghv wkh yduldqfh0fryduldqfh pdwul{ ri �/ � dqg �1 Zh duh qrw
sulpdulo| lqwhuhvwhg lq lwv ydoxh/ exw zh pxvw eh frqfhuqhg derxw lwv lpsdfw rq
wkh Gdwd Jhqhudwlqj Surfhvv lq rughu wr frqvwuxfw xvhixo whvwv dqg hydoxdwh wkhlu
shuirupdqfh1

Xqghu wkh qxoo k|srwkhvlv +� @ 4, gl�huhqw ydoxhv ri � lqgxfh vlpsoh phdq vkliwv
lq wkh gdwd1 Khqfh whvwlqj phwkrgv zklfk duh lqyduldqw wr wkh phdq � zloo eh
lqyduldqw dovr wr �1 Lqghhg/ lq wklv prgho zh fdqqrw vhsdudwho| lghqwli| wkh phdq �
dqg �1 Wklv iroorzv dv xqghu wkh qxoo k|srwkhvlv �| @ �[��.� �U+4,. �z @ �[��.��h. �z

dqg �h lv lq wkh froxpq vsdfh ri �[/ vr wkdw wkh hvwlpdwhg phdq zloo hvwlpdwh +�.�,1
Xqghu wkh dowhuqdwlyh k|srwkhvlv +� ? 4,/ krzhyhu/ dowhulqj � dprxqwv wr dgglqj
d jhrphwulfdoo| ghfd|lqj vhulhv ���

�
wr wkh gdwd1 Lw lv lqwhuhvwlqj wr qrwh wkdw wkh

h{dfw irup ri wkh vhulhv ���
�
ghshqgv rq � � wkh yhu| ydoxh zh duh frqgxfwlqj

8



lqihuhqfh rq1 Fohduo| lqyduldqfh wr wkh phdq grhv qrw suhyhqw vwdwlvwlfv wr fkdqjh
iru gl�huhqw ydoxhv ri �1 Vwdwlvwlfv zklfk duh lqyduldqw wr wkh phdq duh qhfhvvdulo|
vlplodu iru �/ exw wkhlu glvwulexwlrq xqghu wkh dowhuqdwlyh dqg khqfh wkhlu srzhu lv
d�hfwhg e| �1

Lw lv orqj nqrzq wkdw wkh srzhu ri xqlw urrw whvwv ghshqgv rq wkh lqlwldo frqglwlrq
lq vpdoo vdpsohv/ vhh Hydqv dqg Vdylq +4<;4/ 4<;7,/ iru lqvwdqfh/ dqg Vwrfn +4<<7,/
s1 5:::/ iru dgglwlrqdo uhihuhqfhv1 W|slfdo dv|pswrwlf uhvxowv/ krzhyhu/ lpso| wkdw
wkh srzhu ri ydulrxv whvw vwdwlvwlfv uhpdlqv xqd�hfwhg e| wkh lqlwldo frqglwlrq iru
odujh vdpsohv1 W|slfdoo|/ wkh dv|pswrwlf dqdo|vhv dvvxph � hlwkhu �{hg ru udqgrp
exw erxqghg lq suredelolw|1 Xqghu wkhvh dvvxpswlrqv/ wkh dv|pswrwlf glvwulexwlrqv
ri whvwv vwdwlvwlfv ehfrph lqghshqghqw ri �1 Wkh uhdvrq iru wklv lv wkdw d Ixqfwlrqdo
Fhqwudo Olplw Wkhruhp dssolhv wr whupv olnh

4

$
s
W
z � @ �

� �

$
s
W
.

4

$
s
W

�[
��� �

�
��� �

� � =

Vr orqj dv � lv erxqghg wkh whup lqyroylqj � lv glvdsshdulqj dw udwh W
� ���

/ zkhuhdv
wkh vhfrqg whup uhpdlqv1

Exw frqvlghu wkh xqfrqglwlrqdo yduldqfh ri d vwdwlrqdu| dxwruhjuhvvlyh surfhvv/
zklfk lv sursruwlrqdo wr +4 � �

�
,
� �
1 Xvhixo dv|pswrwlfv iru wkh xqlw urrw whvwlqj

sureohp uhtxluh � wr ehfrph hyhu forvhu wr xqlw| dv wkh vdpsoh vl}h W lqfuhdvhv1
Iroorzlqj wkh dqdo|vlv ri Fkdq dqg Zhl +4<;:, dqg Skloolsv +4<;:e,/ wkh uljkw udwh
ri frqyhujhqfh ri � wr rqh lv dfklhyhg e| vhwwlqj � @ 4��W

� �
iru d �{hg �1 Lq wklv

orfdo0wr0xqlw| iudphzrun/ +4� �
�
,
� �

@ W +5�,
� �

. r+W ,/ vr wkdw wkh xqfrqglwlrqdo
yduldqfh lv ri rughu W 1 Dq dvvxpswlrq ri � @ R � +4, wkhuhiruh pdnhv wkh lqlwldo
frqglwlrq dq rughu ri pdjqlwxgh vpdoohu wkdq wkh vtxduh urrw ri wkh xqfrqglwlrqdo
yduldqfh ri d frpsdudeoh vwdwlrqdu| surfhvv1

Dq dssursuldwh zd| wr fdswxuh wkh h�hfwv ri wkh lqlwldo frqglwlrq lv khqfh wr wuhdw
� dv dq R � +W

� � �
, yduldeoh1 Wklv lv fduulhg rxw iru d vshfldo fdvh lq Hoolrww +4<<<,/

zkhuh � lv dvvxphg wr vwhp iurp wkh xqfrqglwlrqdo glvwulexwlrq ri d vwdwlrqdu| vhulhv
zlwk � @ u @ 4�jW

� �
iru d �{hg j1 Wklv dvvxpswlrq ri dq lqlwldo revhuydwlrq ehlqj

gudzq iurp wkh xqfrqglwlrqdo glvwulexwlrq kdv dovr ehhq srsxodu lq vpdoo vdpsoh
Prqwh Fduor dqdo|vhv ri xqlw urrw whvwv1

Vr li � lv d qxlvdqfh sdudphwhu ri vrph lpsdfw/ zk| qrw kdqgolqj lw wkh vdph
zd| dv wkh rwkhu qxlvdqfh sdudphwhuv ri wkh prghoB Wzr srvvleoh vwudwhjlhv frph
wr plqg1

D �uvw dssurdfk lv wkh *soxj0lq* phwkrg1 Dvvxplqj d fhuwdlq glvwulexwlrq iru � � /
zh frxog ghyhors dq rswlpdo vwdwlvwlf iru wkh k|srwkhvlv whvw iru � nqrzq/ dqg wkhq
soxj0lq dq hvwlpdwru a�1 Li lw zhuh srvvleoh wr hvwlpdwh � dffxudwho| hqrxjk +zklfk
phdqv khuh xs wr d r � +W

� ���
, whup,/ wkh dv|pswrwlf glvwulexwlrqv ri wkh rswlpdo

vwdwlvwlf iru � nqrzq zrxog uhpdlq xqd�hfwhg e| wklv uhsodfhphqw/ dqg/ dw ohdvw
dv|pswrwlfdoo|/ zh zrxog qrw kdyh iruhjrqh dq| srzhu1 Xqiruwxqdwho|/ dv zh zloo
vkrz ehorz/ vxfk dq hvwlpdwru ri � grhv qrw h{lvw/ vr wkdw zh orvh wkh rswlpdolw| ri
wkh surfhgxuh1

Dowhuqdwlyho|/ zh frxog wu| wr ghyhors whvwv zklfk duh lqyduldqw wr � hyhq xqghu
wkh dowhuqdwlyh1 Lqyduldqfh lv d srsxodu frqfhsw lq wkh olwhudwxuh/ dqg lw lv e|
dsshdolqj wr wklv sulqflsoh wkdw wkh ghwhuplqlvwlf whupv olnh wkh phdq dqg wkh wlph
wuhqg duh ghdow zlwk +erwk wkh frpprq ROV ghwuhqglqj dv zhoo dv JOV ghwuhqglqj
|lhog whvwv wkdw duh qxphulfdoo| lqyduldqw wr wudqvodwlrqv ri wkh irup ri dgglwlyh

9



frqvwdqwv dqg wlph wuhqgv,1 Exw dv phqwlrqhg deryh/ wkh jurxs ri wudqvirupdwlrqv

+516, | � $ | � . �
�
{

lqgxfhg e| gl�huhqw { ghshqgv rq wkh wuxh �1
Iurp d frqfhswxdo srlqw ri ylhz/ wkh lghd ri lqyduldqfh lv wkdw d whvw vkrxog eh

v|pphwulf zlwk uhvshfw wr d fhuwdlq jurxs ri wudqvodwlrqv/ ehfdxvh wkhvh wudqvodwlrqv
duh qrw lqirupdwlyh derxw wkh sdudphwhu ri lqwhuhvw1 Wklv lv fohduo| qrw wkh fdvh khuh
� wkh wudqvodwlrq +516, ghshqgv rq wkh sdudphwhu ri lqwhuhvw � dqg lv lqirupdwlyh
iru �1 Li zh kdg d yhu| odujh �/ wkhuh zrxog eh d surqrxqfhg duf lq wkh gdwd rqo|
li � zhuh ohvv wkdq rqh/ exw qrw li lw zhuh htxdo wr rqh1 Exw dq lqyduldqw whvw lv
suhfoxghg iurp h{sorlwlqj wklv lqirupdwlrq1 Zh frqfoxgh wkdw lqyduldqfh lv qrw wkh
fruuhfw frqfhsw iru uhprylqj �1

Udwkhu/ zh zloo h{soruh dq dowhuqdwlyh zd| wr ghdo zlwk wkh qxlvdqfh sdudphwhu �1
Zh zloo ghulyh whvwv wkdw pd{lpl}h zhljkwhg dyhudjh srzhu ryhu ydulrxv ydoxhv ri �/
zkhuh wkh zhljkw ixqfwlrq lv d suhvshfl�hg glvwulexwlrq ixqfwlrq1 Vlqfh whvwv zklfk
duh lqyduldqw wr wkh phdq duh xqd�hfwhg e| gl�huhqw ydoxhv ri � xqghu wkh qxoo/
zh rqo| qhhg wr vshfli| wkh zhljkw ixqfwlrq xqghu wkh dowhuqdwlyh1 Lq wklv uhvshfw/
wkh vlwxdwlrq khuh lv yhu| vlplodu wr Dqguhzv dqg Sorehujhu*v +4<<7, dqdo|vlv ri
rswlpdo dv|pswrwlf whvwv iru wkh jhqhudo whvwlqj sureohp zkhq d qxlvdqfh sdudphwhu
lv suhvhqw rqo| xqghu wkh dowhuqdwlyh1 Zh fdqqrw gluhfwo| gudz rq wkhlu uhvxowv/
krzhyhu/ vlqfh vhyhudo ri wkhlu dvvxpswlrqv duh qrw vdwlv�hg iru wkh whvwlqj sureohp
khuh1

61 d idplo| ri rswlpdo whvwv

6141 Vpdoo Vdpsoh Dqdo|vlv1 Lq wklv vhfwlrq/ zh zloo ghyhors rswlpdo surfhgxuhv
iru wkh k|srwkhvlv whvw deryh iru Jdxvvldq glvwxuedqfhv � � / zkhuh zh dvvxph wkdw
wkh qrqvlqjxodu W�W yduldqfh0fryduldqfh pdwul{ Y ri � � lv nqrzq1 Wklv dvvxpswlrq
lv/ ri frxuvh/ qrw olnho| wr eh phw lq sudfwlfh1 Lq vhfwlrq 8/ krzhyhu/ zh zloo vkrz
wkdw lw lv srvvleoh wr rewdlq wkh vdph dv|pswrwlf srzhu ixqfwlrqv zlwk ihdvleoh whvwv
zklfk gr qrw uhtxluh vxfk nqrzohgjh1

Rxu dlp lv wr ghyhors dq rswlpdo surfhgxuh iru wkh xqlw urrw whvwlqj sureohp
+515,1 Iru wkuhh uhdvrqv/ d gluhfw dssolfdwlrq ri wkh Qh|pdq0Shduvrq Ohppd lv qrw
srvvleoh= +l, � dqg � duh xqnqrzq/ +ll, wkh dowhuqdwlyh lv frpsrvlwh dqg +lll, wkhuh
lv dq dgglwlrqdo qxlvdqfh sdudphwhu �/ wkdw lv lqglylgxdoo| lghqwl�hg rqo| xqghu wkh
dowhuqdwlyh1

Wr ghdo zlwk wkh �uvw sureohp/ zh zloo uhvwulfw dwwhqwlrq wr whvwv zklfk duh
lqyduldqw wr wkh jurxs ri wudqvirupdwlrqv

+614, �| $ �| . �[�e ;�e>
l1h1 wkh uhtxluhphqw wkdw d whvw vwdwlvwlf W

�

+�|, kdv wkh surshuw| W
�

+�|. �[�e, @ W
�

+�|,

iru doo �e1 Wklv kdv ehhq wkh grplqdqw vwudwhj| lq wkh xqlw urrw olwhudwxuh iru wkh
wuhdwphqw ri wkh xqnqrzq � dqg �/ dqg zh zloo iroorz wklv dssurdfk1 Dv douhdg|
qrwhg deryh/ lqyduldqfh wr wkh phdq dovr pdnhv wkh whvw vwdwlvwlf dxwrpdwlfdoo|
lqghshqghqw ri � xqghu wkh qxoo ri � @ 41

Wkh frpsrvlwh qdwxuh ri wkh dowhuqdwlyh lv lqghhg d sureohp iru xqlw urrw whvwlqj1
Wkh ydoxh ri � xqghu wkh dowhuqdwlyh hqwhuv wkh olnholkrrg lq vxfk d zd| wkdw wkhuh
grhv qrw h{lvw d xqlirupo| prvw srzhuixo whvw/ hyhq dv|pswrwlfdoo| +fi1 Hoolrww/
Urwkhqehuj/ dqg Vwrfn +4<<9,,1 Gxirxu dqg Nlqj +4<<4, kdyh wkxv ghulyhg vpdoo
vdpsoh srlqw rswlpdo whvwv wkdw pd{lpl}h srzhu dw d vshfl�f dowhuqdwlyh � @ �� ? 4>

:



dqg Hoolrww/ Urwkhqehuj/ dqg Vwrfn +4<<9, kdyh h{whqghg wkhvh uhvxowv lq d orfdo0
wr0xqlw| dv|pswrwlf iudphzrun1 Zh zloo iroorz wklv ohdg lq wklv sdshu1

Ilqdoo|/ lq rughu wr ghdo zlwk wkh qxlvdqfh sdudphwhu �> zh zloo ghulyh whvwv
zklfk pd{lpl}h d zhljkwhg dyhudjh srzhu fulwhulrq1 Vshfl�fdoo|/ ohw I +�, eh d
suredelolw| phdvxuh rq �1 Zh zloo uhihu wr d whvw * � +�|> u> I , dv dq rswlpdo whvw li
iru d jlyhq vljql�fdqfh ohyho � � / * � +�|> u> I , pd{lpl}hv zhljkwhg dyhudjh srzhu dw
wkh dowhuqdwlyh � @ u ? 4

+615,

] �

� �
S +*+�|, uhmhfwv m� @ u> � @ {,gI +{,

ryhu doo whvwv *+�|, ri vl}h � � 1 I pd| eh vhhq dv uhsuhvhqwlqj wkh lpsruwdqfh d
uhvhdufkhu dwwdfkhv wr wkh whvw ehlqj deoh wr glvwlqjxlvk wkh wzr k|srwkhvhv iru
ydulrxv ydoxhv ri �1 Lq wklv shuvshfwlyh/ wkh zhljkwlqj I lv d ghylfh wr ghulyh whvwv
zlwk d fhuwdlq srzhu fkdudfwhulvwlf dv d ixqfwlrq ri �=

Wklv wuhdwphqw ri d qxlvdqfh sdudphwhu lv yhu| vlplodu wr wkh dssurdfk ri Dq0
guhzv dqg Sorehujhu +4<<7, iru wkh jhqhudo whvwlqj sureohp zkhuh d qxlvdqfh sd0
udphwhu lv suhvhqw rqo| xqghu wkh dowhuqdwlyh1 Qrwh/ krzhyhu/ wkdw wkhlu zhljkwhg
dyhudjh srzhu fulwhulrq qrw rqo| dyhudjhv ryhu ydulrxv ydoxhv ri wkh qxlvdqfh sdud0
phwhu +khuh �,/ exw dovr ryhu ydulrxv dowhuqdwlyhv +khuh �,1 Wkh fulwhulrq +615, sxwv
doo pdvv rq d vlqjoh dowhuqdwlyh � @ u1 Frqfhswlrqdoo|/ lw lv hdv| wr jhqhudol}h +615,
dffruglqjo| dqg wr ghulyh rswlpdo whvwv lq wkh odujhu fodvv +fi1 P oohu +5335,,1 Wkh
uhdvrqv zh vwlfn zlwk pd{lpl}lqj srzhu dw d vlqjoh dowhuqdwlyh � @ u lq wklv sdshu
duh wkuhhirog= Iluvw ri doo/ wkh uhvxowlqj rswlpdo whvwv duh ri d pxfk vlpsohu irup/
zklfk lq wxuq duh hdvlhu wr lqwhusuhw1 Dovr wkh pdlq irfxv ri wkh sdshu lv rq wkh
h�hfw ri wkh lqlwldo revhuydwlrq rq xqlw urrw whvwlqj/ dqg zh wklqn wkdw zh vhuyh wklv
sxusrvh ehvw e| nhhslqj dgglwlrqdo glphqvlrqv ri wkh sureohp dv vlpsoh dv srvvleoh1
Ilqdoo|/ lw wxuqv rxw wkdw li wkh dowhuqdwlyh u lv fkrvhq orfdo0wr0xqlw| u @ 4 � j@W /
wkhq wkh dv|pswrwlf surshuwlhv ri wkh rswlpdo whvw duh uhodwlyho| lqvhqvlwlyh wr wkh
ydoxh ri j1 Dq dgglwlrqdo dyhudjlqj ryhu wklv sdudphwhu zrxog wkxv fkdqjh olwwoh lq
wkh surshuwlhv ri wkh whvwv1

Wkh iroorzlqj Wkhruhp lv wkh prvw jhqhudo uhvxow lq wklv vhfwlrq1 Lw surylghv dq
rswlpdo surfhgxuh iru +515, iru jhqhudo [ zlwk dq duelwudu| zhljkwlqj ixqfwlrq I
iru �1

Wkhruhp 41 Frqvlghu wkh Gdwd Jhqhudwlqj Surfhvv +514, zkhq wkh glvwxuedqfh
yhfwru � lv nqrzq wr eh pxowlyduldwh Jdxvvldq Q+3> Y ,1 Wkhq wkh whvw ri K � = � @ 4
djdlqvw K � = � @ u zklfk uhmhfwv iru vpdoo ydoxhv ri wkh vwdwlvwlf
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pd{lpl}hv +615, xqghu doo whvwv ri wkh vdph vl}h zklfk duh lqyduldqw wr wkh wudqv0

irupdwlrqv +614,> zkhuh I lv dq| fxpxodwlyh glvwulexwlrq ixqfwlrq/ J � @ �	
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dqg �U � @ �U+u,=

Whupv ri wkh irup �d
�
J � �d pljkw eh uhfrjql}hg dv wkh zhljkwhg vxp ri vtxduhg

uhvlgxdov ri d JOV uhjuhvvlrq ri �d rq �[ xvlqj �	
�

� dv zhljkwlqj pdwul{1
Wkh irup ri wkh rswlpdo whvw zkhuh srzhu lv pd{lpl}hg dw d vlqjoh ydoxh � @ {

iroorzv iurp Wkhruhp 4=

;



Fruroodu| 41 Xqghu wkh dvvxpswlrqv ri Wkhruhp 4/ wkh rswlpdo whvw ri K � = � @ 4
djdlqvw K � = � @ u zklfk lv lqyduldqw wr wkh wudqvirupdwlrqv +614, dqg pd{lpl}hv
srzhu dw wkh vshfl�f dowhuqdwlyh � @ { uhmhfwv iru vpdoo ydoxhv ri wkh vwdwlvwlf

Hqy+u> {, @ �|
�
^J � �J � ` �| . {

�
�U
�
� J � �U � � 5{ �U

�
� J � �|=

Dw wkh srlqw +u> {, lq wkh dowhuqdwlyh vsdfh/ Hqy+u> {, uhdfkhv wkh pd{lpdo srzhu
dq| whvw ri wkh xqlw urrw k|srwkhvlv +515, fdq dfklhyh1 Wkh idplo| ri whvwv Hqy+u> {,
wkhuhiruh hqdeohv xv wr ghulyh wkh srzhu hqyhorsh ri wkh whvwlqj sureohp lq erwk
wkh � dqg � glphqvlrq1

Iru wkh vxevhtxhqw glvfxvvlrq/ lw wxuqv rxw wr eh xvhixo wr irfxv rq phdq }hur
Jdxvvldq zhljkwlqj ixqfwlrq I 1 Iurp Wkhruhp 4/ zh �qg iurp fduu|lqj rxw wkh
lqwhjudwlrq

Fruroodu| 51 Xqghu wkh dvvxpswlrqv ri Wkhruhp 4/ wkh whvw ri K � = � @ 4 djdlqvw
K � = � @ u zklfk lv lqyduldqw wr wkh wudqvirupdwlrqv +614, dqg pd{lpl}hv +615,
zlwk I ehlqj wkh fxpxodwlyh ghqvlw| ixqfwlrq ri d }hur phdq qrupdo zlwk yduldqfh
� uhmhfwv iru vpdoo ydoxhv ri wkh vwdwlvwlf

T+u> �, @ �|
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�
� J � �|,

�

4 . � �U
�
� J � �U �

=

Dv glvfxvvhg deryh/ wkh zhljkwlqj ixqfwlrq I pd| eh vhhq dv vlpsoh ghylfh wr
frqvwuxfw d idplo| ri rswlpdo whvwv * � +�|> u> I , zlwk d gl�huhqw srzhu fkdudfwhulvwlf
lq wkh � glphqvlrq1 Dowhuqdwlyho|/ rqh pljkw lqwhusuhw wkhvh whvwv lq d Ed|hvldq pdq0
qhu1 Wkh uhvwulfwlrq wr whvwv wkdw duh lqyduldqw wr wkh wudqvirupdwlrqv +614, lpsolhv
wkdw dq| whvw vwdwlvwlf pxvw eh d ixqfwlrq ri d pd{lpdo lqyduldqw +fi1 Ohkpdqq
+4<;9,/ s1 5;8,1 Lw lv hdv| wr fkhfn wkdw d pd{lpdo lqyduldqw iru wklv jurxs ri

wudqvirupdwlrqv lv jlyhq e| �} @ �P �|/ zkhuh �P @ �L � �[+ �[
�
�[,

� �
�[
�
dqg �L lv wkh

+W .4,�+W .4, lghqwlw| pdwul{1 Ghqrwh zlwk i+�}> u> {, wkh ghqvlw| ri �} zkhq � @ u
dqg � @ { lq wkh Jdxvvldq prgho +514,1 Qrwh wkdw/ vlqfh �} lv lqghshqghqw ri wkh

ydoxh ri � xqghu wkh qxoo ri � @ 4 + �P�h @ 3,/ wkh ghqvlw| i+�}> 4> {, lv lqghshqghqw
ri {1 Exw qrz lw lv hdv| wr hvwdeolvk wkdw pd{lpl}lqj +615, lv htxlydohqw wr �qglqj
wkh prvw srzhuixo whvw ri K � = wkh ghqvlw| ri �} lv jlyhq e| i+�}> 4> 3, djdlqvw wkh
dowhuqdwlyh K � = wkh ghqvlw| ri �} lv jlyhq e|

U �
� � i+�}> u> {,gI +{,1

Wkhruhp 4 deryh wkxv kdv dq dgglwlrqdo lqwhusuhwdwlrq dv surylglqj d whvw vwdwlv0
wlf zklfk rswlpdoo| +vxemhfw wr wkh lqyduldqfh uhvwulfwlrq, glvfulplqdwhv K � = � @ 4
zlwk duelwudu| � djdlqvw K � = � @ u dqg � � I / zkhuh � lv d udqgrp yduldeoh
lqghshqghqw ri �1 Dv orqj dv wkhuh lv qr vwrfkdvwlf ghshqghqfh ehwzhhq � dqg �/
wkh rswlpdo xqlw urrw whvw iru dq| glvwulexwlrqdo dvvxpswlrq I rq � xqghu wkh vlqjoh
dowhuqdwlyh � @ u ? 4 lv wkh pd{lpdo zhljkwhg dyhudjh srzhu whvw edvhg rq V+u> I ,1
Lw lv wklv vhfrqg lqwhusuhwdwlrq wkdw pdnhv rxu qrqvwrfkdvwlf dvvxpswlrq ri � pxfk
ohvv uhvwulfwlyh wkdq lw orrnv1

Lq rughu wr pdnh wkh olqn ehwzhhq wkh wzr shuvshfwlyhv pruh h{solflw/ frqvlghu
krz rqh zrxog xvxdoo| dssurdfk rswlpdo xqlw urrw whvwlqj li � zdv dvvxphg udqgrp
dqg lqghshqghqw ri �1 Iru d }hur phdq Jdxvvldq � zlwk yduldqfh �/ d whvw wkdw pd{0
lpl}hv srzhu djdlqvw wkh dowhuqdwlyh � @ u kdv wr rswlpdoo| glvfulplqdwh ehwzhhq
wzr yduldqfh0fryduldqfh pdwulfhv lq d qrupdo olqhdu prgho= Zlwk wkh +W.4,�+W.4,
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fohduo| �D+�, �z @ +�> �,
�
/ vr wkdw wkh yduldqfh0fryduldqfh pdwul{ �+�, ri �z vdwlv�hv

�D+�,�+�, �D+�,
�
@ gldj+�> Y , � �Y 1 Wkh irup ri wkh rswlpdo vwdwlvwlf iru wklv sureohp

lv xvxdoo| zulwwhq dv

+616, a|+u,
�
�+u,

� �
a|+u,� a|+4,

�
�+4,

� �
a|+4,

zkhuh a|+f, lv wkh uhvlgxdo yhfwru ri d JOV uhjuhvvlrq ri �| rq �[/ xvlqj yduldqfh0

fryduldqfh pdwulfhv �+f,1 Wkh htxlydohqfh ehwzhhq wkh glvwulexwlrqdo dvvxpswlrq
rq � dqg wkh zhljkwlqj lq Wkhruhp 4 lpsolhv wkdw whvwv edvhg rq +616, dqg T+u> �,
vkrxog eh lghqwlfdo1 Vrph pdwul{ dojheud vkrzv wkdwT+u> �, fdq lqghhg eh uhzulwwhq
lq wkh irup ri +616,1 Vhh Dsshqgl{ iru ghwdlov1

Gxirxu dqg Nlqj*v +4<<4, Srlqw Rswlpdo Lqyduldqw vwdwlvwlfv duh dovr yhu| pxfk
uhodwhg wr T+u> �,1 Wkh| frqvlghu wkh vshfldo fdvh zkhuh Y @ �

�
L/ exw lpsrvh

lqyduldqfh wr wkh odujhu jurxs ri wudqvirupdwlrqv ri wkh irup �| $ d�| . �[�e iru dq|
srvlwlyh d dqg doo yhfwruv �e1 Wkh dgglwlrqdo lqyduldqfh wr vfdoh pdnhv wkh uhvxowlqj
whvwv lqghshqghqw ri �

�
1 Wkh whvw vwdwlvwlf iru wklv sureohp lv jlyhq e| wkh udwlr

udwkhu wkdq gl�huhqfh ri wkh zhljkwhg vxp ri vtxduhg uhvlgxdov lq +616,1 Zh irfxv
lq wklv sdshu rq dq dv|pswrwlf dqdo|vlv/ dqg vlqfh �

�
fdq eh hvwlpdwhg frqvlvwhqwo|/

wkh irupxodwlrq ri Gxirxu dqg Nlqj +4<<4, dqg +616, ohdg wr wkh vdph dv|pswrwlf
srzhu ixqfwlrqv1

Zkhq � � duh lqghshqghqw zlwk yduldqfh �
�
dqg � lv fkrvhq wr eh �

�
@+4 � u

�
,>

wkhq �z ehfrphv vwdwlrqdu| iru � @ u1 T+u> �
�
@+4� u

�
,, lv khqfh wkh prvw srzhuixo

lqyduldqw whvw ri wkh xqlw urrw k|srwkhvlv djdlqvw wkh vwdwlrqdu| dowhuqdwlyh zlwk
� @ u1 Zkhq � � lv vwdwlrqdu| dqg dxwrfruuhodwhg/ krzhyhu/ d udqgrp � wkdw pdnhv
�z vwdwlrqdu| xqghu wkh dowhuqdwlyh fdqqrw eh vwrfkdvwlfdoo| lqghshqghqw ri � � 1 Wkh
rswlpdo whvw vwdwlvwlf lq wklv fdvh lv khqfh qrw phpehu ri wkh idplo| T+u> �,= Wkh
iroorzlqj Wkhruhp surylghv wkh rswlpdo whvw iru wklv fdvh1

Wkhruhp 51 Frqvlghu wkh Gdwd Jhqhudwlqj Surfhvv +514, zkhq i� � j � � � lv d vwd0
wlrqdu| Jdxvvldq surfhvv zlwk nqrzq dxwrfryduldqfhv H^� � � ��� � ` @ �+n, dqg dv0
vxph wkdw

S �
� � � m�+n,m ? 41 Wkh vwdwlvwlf wkdw rswlpdoo| whvwv K � = � @ 4 djdlqvw

K � = � @ u dqg � @
S �

� � � u
�
� � � zklfk lv lqyduldqw wr wkh wudqvirupdwlrqv +614, dqg

uhmhfwv iru vpdoo ydoxhv lv

�T+u, @ �|
�
�M � �| � �|

�
�M � �|>

zkhuh �M � @ J � / �M � @ �
� �
� � �

� �
� �[+ �[

�
�
� �
� �[,

� �
�[
�
�
� �
� / �D+u,� � �D+u,

�
@ �Y / �Y @�

y � �
�

� Y

�
/ y � +u, @ Ydu ^

S �
� � � u

�
� � � ` dqg wkh W �4 yhfwru � lv jlyhq e| � @ ^� � ` @

�S �
� � � u

�
�+w. l,

�
1

Zklovw lq vpdoo vdpsohv wkhuh lv d glvwlqfwlrq ehwzhhq wklv whvw dqg wkh idplo|
T+u> 4,/ zh vkrz lq wkh qh{w vhfwlrq wkdw wklv glvwlqfwlrq lv luuhohydqw dv|pswrwlfdoo|1
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6151 Dv|pswrwlf Dqdo|vlv1 Wkh vxevhtxhqw glvfxvvlrq ri wkhvh whvwv dqg wkhlu
uhodwlrqvkls zlwk rwkhu nqrzq xqlw urrw whvwv zloo frqfhqwudwh rq wkhlu dv|pswrwlf
glvwulexwlrqv1 Iru wkh dv|pswrwlf wkhru|/ zh uhtxluh d vrphzkdw vwurqjhu frqglwlrq
wkdq d nqrzq qrqvlqjxodu yduldqfh0fryduldqfh pdwul{ ri wkh Jdxvvldq glvwxuedqfhv
� � 1

Frqglwlrq 41 Wkh vwdwlrqdu| vhtxhqfh i� � j kdv d nqrzq vwulfwo| srvlwlyh vshfwudo
ghqvlw| ixqfwlrq i � +�,> lw kdv d prylqj dyhudjh uhsuhvhqwdwlrq � � @

S �
� � � � � % ��� �

zkhuh wkh % � duh lqghshqghqw vwdqgdug qrupdo udqgrp yduldeohv dqg
S �

��� � vm� � m ?
41

Wkh dv|pswrwlfv duh ghyhorshg lq wkh orfdo0wr0xqlw| iudphzrun lqwurgxfhg deryh/
l1h1 zh lqyhvwljdwh wkh olplwlqj glvwulexwlrq ri wkh whvw vwdwlvwlfv dv wkh vdpsoh
vl}h W jrhv wr lq�qlw| dqg � @ W +4 � �, � 3 lv d �{hg frqvwdqw1 Wkh qdwxudo
dowhuqdwlyh u lq wkh rswlpdo idplo| ri whvwv edvhg rq V+u> I , lv wkhq dovr ri wkh
irup u @ 4� jW

� �
iru �{hg j A 31 Ixuwkhupruh/ dv phqwlrqhg lq Vhfwlrq 5/ zh zloo

lqyhvwljdwh wkh fdvh wkdw wkh lqlwldo frqglwlrq kdv wkh vdph rughu ri pdjqlwxgh dv wkh
vwdqgdug ghyldwlrq ri wkh xqfrqglwlrqdo glvwulexwlrq ri wkh vwdwlrqdu| surfhvv zlwk
� @ 4� �W

� �
/ � A 3/ zklfk lv jlyhq e| y � +�,

�����
@ $W

� ���
+5�,

� � ���
. r+W

� ���
,/ zkhuh

y � +�, lv gh�qhg lq Wkhruhp 5 dqg $
�
lv wkh *orqj0uxq* yduldqfh ri � � / $

�
@ 5�i � +3,1

Ghqrwh e| � wkh vxfk vfdohg yhuvlrq ri wkh lqlwldo frqglwlrq/ � @ �$
� �
W

� � ���
+5�,

�����
/

vr wkdw � @ R+W
�����

, kdv wkh uljkw rughu ri pdjqlwxgh wr pdwwhu dv|pswrwlfdoo|1 Lq
rughu wr vlpsoli| qrwdwlrq/ zh lqwurgxfh *dv|pswrwlf* yhuvlrqv V � +j> I � ,/ Hqy � +j> d,/
T � +j> n, dqg �T � +j, ri wkh whvwv deryh1 Wkh| duh vlpsoh uhsdudphwhul}dwlrqv ri
wkh ruljlqdo whvwv/ zkhuh j @ W +4 � u,/ d @ {W

� �����
$

� �
+5j,

�����
/ n @ 5jW

� �
�$

� �

dqg I � ghvfulehv wkh zhljkwlqj ixqfwlrq lq whupv ri � udwkhu wkdq �1 Jlyhq wkh
htxlydohqfh ehwzhhq wkh pd{lpdo zhljkwhg dyhudjh srzhu whvwv dqg rswlpdo whvwv
iru d fhuwdlq glvwulexwlrqdo dvvxpswlrq rq �/ wkh fdvh zkhuh I � lv jlyhq e| wkh
fxpxodwlyh ghqvlw| ixqfwlrq ri d vwdqgdug qrupdo udqgrp yduldeoh fruuhvsrqgv
wr Hoolrww*v +4<<<, dqdo|vlv/ dqg d ghjhqhudwh I � zklfk sxwv doo pdvv rq � @ 3
fruuhvsrqgv wr wkh fdvh frqvlghuhg e| Hoolrww/ Urwkhqehuj/ dqg Vwrfn +4<<9,1

Iru wkh dv|pswrwlf glvwulexwlrqv/ zh h{whqvlyho| xvh wkh iroorzlqj yhuvlrq ri d
Ixqfwlrqdo Fhqwudo Olplw Wkhruhp=

Ohppd 41 Ohw z � eh jhqhudwhg e| wkh Gdwd Jhqhudwlqj Surfhvv +514,1 Xqghu
frqglwlrq 4/ W +4 � �, @ � � 3 �{hg dqg/ zkhq � A 3> � @ �$+5�,

� � � �
W

� ���
/ dv

W $4

W
� � � �

x � � ��� ,
�

$Z +v, iru � @ 3
$�+h

��� � � 4,+5�,
� � � �

. $
U �

� h
����� � �
	��

gZ +�, hovh

� $P+v,

zkhuh *,* ghqrwhv zhdn frqyhujhqfh ri wkh xqghuo|lqj suredelolw| phdvxuhv/ Z +v,
lv d vwdqgdug Eurzqldq prwlrq dqg ^�` lqglfdwhv wkh juhdwhvw ohvvhu lqwhjhu ixqfwlrq1
Ixuwkhu/ P+v, lv frqwlqxrxv dw � @ 31

Wkh dv|pswrwlf glvwulexwlrqv ri V � +j> I � ,/ Hqy � +j> {,/ T � +j> n, dqg �T � +j, iru
jhqhudo ghwhuplqlvwlfv +vxemhfw wr d vprrwkqhvv frqglwlrq, fdq eh irxqg lq Wkhruhp
; lq wkh Dsshqgl{1 Lq wkh pdlq wh{w/ zh uhvwulfw rxuvhoi wr wkh wzr prvw srsxodu
fdvhv= wkh phdq rqo| fdvh zlwkrxw [/ zklfk zloo eh ghqrwhg e| d vxshuvfulsw �/
dqg wkh phdq dqg wuhqg fdvh [ @ � � +4> 5> � � � > W ,

�
/ ghqrwhg zlwk d vxshuvfulsw � 1

Iru wkh wlph wuhqg fdvh/ lw lv xvhixo wr zulwh wkh dv|pswrwlf glvwulexwlrqv lq
whupv ri wkh dv|pswrwlf surmhfwlrq ri P+v, r� v/ ghqrwhg P  +v,1 Lw lv wkh zhdn
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olplw ri wkh uhvlgxdov x  iurp dq ROV uhjuhvvlrq ri x rq � / l1h1 W
� � ���

x  � � � � ,
P+v, � 6v

U
�P+�,g� � P  +v,1 Wkh iroorzlqj Wkhruhp vwdwhv wkh dv|pswrwlf

glvwulexwlrqv ri V
�
� +j> I � ,/ Hqy

�
� +j> {,/ T

�
� +j> n, dqg �T � +j, lq whupv riP

�
+v, �P+v,

dqg P  +v,1 Iru qrwdwlrqdo frqyhqlhqfh/ wkh olplwv ri lqwhjudwlrq duh xqghuvwrrg wr
eh }hur dqg rqh/ li qrw vwdwhg rwkhuzlvh1

Wkhruhp 61 Xqghu wkh frqglwlrqv ri Ohppd 4/ iru l @ �> �
+l,

V
�
� +j> I � , , v

�
� . v

� � P
�
+4,

�
. v

� �

]
P

�
+v,

�
gv
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� �
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�
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�
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�
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� ���
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�
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Hqy
�
� +j> d,, v
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� . v
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�
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� �

]
P

�
+v,

�
gv
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� �
d

]
P

�
+v,gv. v
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dP

�
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� �
d
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+lll,

T
�
� +j> n,, t

�
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� � P
�
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�]
P

�
+v,gv

� �
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��
P

�
+4,

]
P

�
+v,gv. t
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]

P
�
+v,

�
gv

zkhuh t
�
� @ �j/ t

�
� @ j � jn@+5 . jn,/ t

�
� @ �j

�

n@+5 . jn,/ t
��
@ �5j

�
n@+5 . jn,/

t
��
@ j

�
dqg

t � @ �j/ t  � @ +;j
�
. ;j

�

� 6j
�

n . j
�

n,@+57 . 57j . ;j
�
. j

�

n,/ t � @ �7j
�

+6 .
6j. j

�
,n@+57.57j.;j

�
. j

�

n,/ t � @ 7j
�

+6. j,n@+57.57j.;j
�
. j

�

n,/ t � @ j
�

+ly, �T
�
� +j, iroorzv wkh vdph dv|pswrwlf glvwulexwlrq dv T

�
� +j> 4,1

Lw lv dw wklv srlqw wkdw zh fdq frqfoxgh wkdw wkh *soxj0lq* phwkrg iru � phqwlrqhg
lq Vhfwlrq 5 grhv qrw |lhog wkh rswlpdo whvw lqghshqghqw ri �1 Dq| *srlqw0srlqw*
rswlpdo whvw edvhg rq Hqy � +j> d, lv dgplvvleoh/ exw lwv dv|pswrwlf glvwulexwlrq gh0
shqgv rq wkh ydoxh ri d1 Li wkhuh zdv dq hvwlpdwru a� ri � vxfk wkdw Hqy � +j> a�, zdv
dv|pswrwlfdoo| htxlydohqw wr Hqy � +j> �,/ wkhq fohduo| Hqy � +j> a�, zrxog grplqdwh
Hqy � +j> d, iru doo ydoxhv ri � 9@ d1 Wkhuhiruh vxfk dq a� fdqqrw h{lvw1

Qrwlqj wkdw � @ | � � �/ d qdwxudo hvwlpdwru iru � lv W
� � ���

$
� �
+5�,

�����
+| � � a�

�
,/

zkhuh a�
�
lv vrph hvwlpdwru ri �1 Ohw a�

� �����
eh wklv hvwlpdwru zkhq � lv hvwlpdwhg

e| d JOV uhjuhvvlrq xqghu wkh �{hg dowhuqdwlyh � @ u @ 4�jW
� �
/ xvlqj �+u, dv wkh

yduldqfh0fryduldqfh pdwul{1 Vxevwlwxwlqj � lq Hqy
�
� +j> �, zlwk a�

� ���	�
> zh �qg wkdw

wkh uhvxowlqj whvw lv dv|pswrwlfdoo| htxlydohqw wr T
�
� +j> �n

�
,/ zkhuh �n

�
@ 5n . n

�
j@5

dqg �n  @ 5n . n
�
j
�

@^;+6 . 6j . j
�
,`1 Wkh *soxj0lq* phwkrg khqfh grhv |lhog

rswlpdo whvwv/ hyhq wkrxjk wkhlu lqwhusuhwdwlrq lq whupv ri T
�
� +j> n, vhhpv pruh

vwudljkwiruzdug1 Vlploduo|/ ohwwlqj a�
� 
��

eh wkh Pd{lpxp Olnholkrrg hvwlpdwru ri
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� xqghu wkh �{hg dowhuqdwlyh zlwk � @ 4 � jW
� �

|lhogv Hqy
�
� +j> a�

� 
 �
, zklfk duh

htxlydohqw wr T
�
� +j>4,1 Vhh Dsshqgl{ iru ghwdlov1

Wkh vwdwlvwlfv ri Wkhruhp 6 zhuh doo frpsxwhg zlwk wkh nqrzohgjh ri wkh yduldqfh0
fryduldqfh pdwul{ Y ri � � 1 Exw wkhlu dv|pswrwlf glvwulexwlrqv gr qrw ghshqg rq wkh
vshfl�f irup ri wkh dxwrfruuhodwlrqv ri � � 1 Wklv � pd|eh vxusulvlqj � uhvxow kdv
douhdg| ehhq hvwdeolvkhg e| Hoolrww/ Urwkhqehuj/ dqg Vwrfn +4<<9, iru wkh vwdwlvwlf
T+j> 3, lq rxu qrwdwlrq1 Lw fduulhv ryhu wr pruh jhqhudo dvvxpswlrqv frqfhuqlqj wkh
lqlwldo frqglwlrq/ dv zhoo dv wr wkh rswlpdo vwdwlvwlf djdlqvw wkh vwdwlrqdu| prgho
�T � +j,1 Wkh uhvxow lpsolhv wkdw lw lv lpsrvvleoh wr h{sorlw dxwrfruuhodwlrqv lq � � wr
ghylvh xqlw urrw whvwv zklfk kdyh kljkhu dv|pswrwlf orfdo srzhu wkdq rswlpdo whvwv
iru lqghshqghqw � � 1

Dv d odvw vwhs lq wkh dqdo|vlv ri wklv vhfwlrq/ zh ghulyh wkh fkdudfwhulvwlf ixqfwlrqv
ri wkh dv|pswrwlf glvwulexwlrqv ri Hqy

�
� +j> d, dqg T

�
� +j> n,/ iroorzlqj wkh h{srvlwlrq

ri Wdqdnd +4<<9,1 Wkh fkdudfwhulvwlf ixqfwlrqv zloo hqdeoh xv wr fdofxodwh fulwlfdo
ydoxhv dqg wkh srzhu ixqfwlrq zlwk d pxfk kljkhu suhflvlrq frpsduhg wr Prqwh
Fduor phwkrgv1 Qrwh wkdw Hqy

�
� +j> {, dqgT

�
� +j> n, duh d zhljkwhg vxp ri ixqfwlrqdov

ri P+v,1 Wkh ghvluhg fkdudfwhulvwlf ixqfwlrqv duh wkhuhiruh hdvlo| ghulyhg rqfh wkh
iroorzlqj Ohppd lv hvwdeolvkhg=
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�
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�
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� �
� +�

� ���
> �

� ���
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�
dqg ��  @ ��  l�

�
� �
� +�

� ���
> �

� ���
> 3,

�
1

Wkh yduldqfh0fryduldqfh pdwulfhv Y
�
+�, iroorz diwhu vrph vwrfkdvwlf fdofxoxv dqg

duh jlyhq lq wkh Dsshqgl{1
Iljxuh 4 ghslfwv wkh dv|pswrwlf srzhu ri T

�
� +j> n, iru ydulrxv j dqg n @ 3> 4 zlwk

� @ 8> 43> 48/ 53 dqg 58 dv d ixqfwlrq ri �1 Doo srzhu fxuyhv lq wklv sdshu duh iru d
ohyho ri 8(1 Iru n @ 3/ wkh ydoxhv j @ : dqg j @ 46=8 duh wkrvh vxjjhvwhg e| Hoolrww/
Urwkhqehuj/ dqg Vwrfn +4<<9,/ dqg iru wkh fdvh n @ 4 Hoolrww +4<<<, vxjjhvwhg xvlqj
j @ 43 dqg j @ 481 Iru odujh hqrxjk m�m/ wkh srzhu ri doo frqvlghuhg whvwv gursv
wr }hur1 Wkh whvwv zlwk n @ 3 dfklhyh wkh pd{lpdo srzhu dw � @ 3 +lq idfw/
T � +j> 3, @ Hqy � +j> 3,,/ exw wkhlu srzhu gursv wr }hur iru m�m A 5 lq wkh phdq fdvh
dqg iru m�m A 6 lq wkh wuhqg fdvh iru doo frqvlghuhg ydoxhv ri �1 Wkh whvwv zlwk n @ 4
kdyh dq dv|pswrwlf srzhu zklfk ghfuhdvhv lq m�m/ wrr/ exw dw d frqvlghudeo| vorzhu
udwh wkdq wkh whvwv zlwk n @ 31 D frpsdulvrq zlwk wkh dv|pswrwlf srzhu iru wkh
odujhu ydoxhv ri j vkrz wkdw wkh whvw shuirupdqfh lv uhodwlyho| lqvhqvlwlyh wr wklv
sdudphwhu1 Iru n @ 4/ odujhu j vhhp wr prghudwho| lqfuhdvh wkh srzhu iru odujh m�m/
dw wkh frvw ri orzhu srzhu iru vpdoo ydoxhv ri m�m1

Iljxuh 5 vkrzv wkh dv|pswrwlf srzhu hqyhorshv/ ghulyhg e| wkh whvw Hqy � +j> d,1
Fohduo|/ wkh odujhu wkh nqrzq lqlwldo frqglwlrq/ wkh hdvlhu lw ehfrphv wr glvwlqjxlvk
wkh wzr frpshwlqj k|srwkhvhv1 Lw lv lqwhuhvwlqj wr qrwh wkdw wkh gl�huhqfh ehwzhhq
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Iljxuh 41 Dv|pswrwlf srzhu dv d ixqfwlrq ri � iru � @ 8/ 43/ 48/
53 dqg 58

wkh srzhu hqyhorshv iru wkh phdq rqo| fdvh dqg wkh wlph wuhqg fdvh lv yhu| sur0
qrxqfhg1 Wkh lqwxlwlyh h{sodqdwlrq iru wklv skhqrphqrq lv wkdw wkh duf jhqhudwhg
e| d qrq0}hur � iru prghudwh � lv vlplodu wr d wlph wuhqg1 Lqyduldqfh wr wkh wlph
wuhqg ri T  � +j> n, pdnhv lw gl!fxow wr glvwlqjxlvk wkh wzr srvvleoh ruljlqv/ dqg khqfh
wkh vpdoohu srzhu1
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Iljxuh 51 Dv|pswrwlf srzhu hqyhorsh iru � @ 8/ 43/ 48/ 53 dqg 58

71 uhodwlrq wr vrph srsxodu xqlw urrw whvwv

Lq wklv vhfwlrq/ zh zloo h{soruh wkh uhodwlrqvkls ri wkh rswlpdo whvw edvhg rq
T

�
� +j> n, zlwk rwkhu xqlw urrw whvwv vxjjhvwhg lq wkh olwhudwxuh1 Iroorzlqj Vwrfn

+5333,/ zh fodvvli| xqlw urrw whvw vwdwlvwlfv e| wkhlu dv|pswrwlf glvwulexwlrqv/ zulw0
whq dv vrph ixqfwlrq k = F^3> 4` :�$ U ri P+�,/ zkhuh F^3> 4` lv wkh vsdfh ri vtxduh
lqwhjudeoh frqwlqxrxv ixqfwlrqv rq wkh xqlw lqwhuydo1 Ydulrxv whvwv ohdg wr d pxo0
wlwxgh ri ixqfwlrqv k> dqg pdq| rwkhu whvwv frxog eh ghylvhg1 Krzhyhu/ iru prvw
fodvvhv ri whvwv dqg uhvxowlqj ixqfwlrqv k qrwklqj lv nqrzq derxw wkhlu rswlpdolw|1

Wkh dv|pswrwlf glvwulexwlrq ri T
�
� +j> n, lq Wkhruhp 6 doorzv xv wr vkhg vrph

oljkw rq wkh rswlpdolw| surshuwlhv ri pdq| srsxodu xqlw urrw whvwv1 Wkh fodvvhv
ri whvwv frqvlghuhg lq wklv sdshu idoo lqwr irxu fdwhjrulhv= Iluvw/ fodvvhv ri whvwv
zklfk duh dv|pswrwlfdoo| htxlydohqw wr dq rswlpdo whvw edvhg rq T

�
� +j � > n � , iru d

sduwlfxodu fkrlfh ri j � dqg n � 1 Vhfrqg/ wkh fodvvhv ri vwdwlvwlfv a�
���

dqg a�
���

duh qrw
gluhfwo| phpehu ri wkh idplo| T

�
� +j> n,/ exw wkh| kdyh d forvh uhodwlrqvkls wr wkh whvw

vwdwlvwlfv �T
�
� +j> n, zklfk rswlpdoo| glvfulplqdwh � ? 4 lq +514, djdlqvw d gl�huhqw

qxoo prgho � vhh Wkhruhpv 8 dqg 9 ehorz1 Wklug/ fodvvhv ri whvwv zkrvh dv|pswrwlf

glvwulexwlrq lv d ixqfwlrq riP
�
+4,

�
/
�U

P
�
+v,gv

� �
/P

�
+4,
U
P

�
+v,gv dqgP

�
+v,

�
gv>

mxvw dv wkh T
�
� +j> n, vwdwlvwlfv/ exw qr h{dfw htxlydohqfh suhydlov1 Iru wkhvh whvwv

zh duh vwloo deoh wr lghqwli| sduwlfxodu ydoxhv j � dqg n � vxfk wkdw d whvw edvhg
rq T

�
� +j � > n � , kdv dv|pswrwlf srzhu dv d ixqfwlrq ri � dqg � zklfk lv yhu| pxfk

frpsdudeoh1 Wkh ydoxh ri n � lq wkhvh fruuhvsrqghqfhv uhyhdov wkh lpsolflw zhljkw wkh
fodvvhv ri whvwv sxw rq �1 Ilqdoo|/ vrph fodvvhv ri whvwv kdyh dv|pswrwlf glvwulexwlrqv
zklfk ghshqg rq P+�, wkurxjk rwkhu ixqfwlrqv wkdq wkh dv|pswrwlf glvwulexwlrq ri
wkh rswlpdo whvwv1 Wkhvh whvwv kdyh orz srzhu ryhu d zlgh udqjh ri ydoxhv iru � dqg
�=

Wdeoh 4 vkrzv wkh fodvvhv ri whvwv frqvlghuhg lq wklv sdshu1 Phpehuv ri wkh a�
���

0
fodvv dqg a�

���

0fodvv lqfoxgh wkh vwdwlvwlf vxjjhvwhg e| Glfnh| dqg Ixoohu +4<:<, dv
zhoo dv wkrvh ri Skloolsv +4<;:d, dqg Skloolsv dqg Shuurq +4<;;,/ phpehuv ri wkh
Q 0fodvv dqg U0fodvv lqfoxgh wkh +dssursuldwho| vfdohg, Q � / Q � dqg U � / U � vwdwlv0
wlfv ri Ekdujdyd +4<;9, dv zhoo dv wkh w0vwdwlvwlfv vxjjhvwhg e| Vfkplgw dqg Skloolsv
+4<<5, dqg Vfkplgw dqg Ohh +4<<4,/ phpehuv ri wkh OE0fodvv lqfoxgh wkh +dssur0
suldwho| vfdohg, Orfdoo| Ehvw Lqyduldqw whvw iru wkh phdq fdvh dv ghulyhg lq Gxirxu
dqg Nlqj +4<<4, dqg wkh Orfdoo| Ehvw Xqeldvhg Lqyduldqw whvw iru wkh wuhqg fdvh dv

ghulyhg e| Qdeh|d dqg Wdqdnd +4<<3,/ phpehuv ri wkh S � 0fodvv/ a�
���������

0fodvv dqg
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Wdeoh 41 Fodvvhv ri Xqlw Urrw Whvwv

& fodvv dv|pswrwlf glvwulexwlrq

4 Q
�U

P
� � � +v,

�
gv
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5 U
�U

P
� � � +v,

�
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6 OE
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�
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�
gv wuhqg fdvh

7 S � +�f, �fP
� � � +4,

�
. �f

� U
P

� � � +v,
�
gv

8 T � +�f, vdph dv|pswrwlf glvwulexwlrq wkdq T � +�f> 4, . �f
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�
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�
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�
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5
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P � � � +v,
�
gv

43 a�
� � P
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�
.P

� � � ��� +3,
�
� 4� 5

U
P

� � � ��� +v,
�
gv

5
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P � � � � � +v,
�
gv

44 a�

���	� ��P � � � ��� +4,
�
�P

� � � ��� +3,
� ��� 4

5
tU

P � � � ��� +v,
�
gv

45 a�
� � P

� � � ��� +4,
�
�P

� � � ��� +3,
�
� 4

5
tU

P � � � ��� +v,
�
gv

46 U@V vxs ��
 � � � � � P � � � � � +v,� lqi ��
 � � � � � P � � � � � +v,
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+ �U
P  � �
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+v,
�
gv
� � � �U

P
� � � � � +v,

�
gv
�

phdq fdvh�U
P

� � � � � +v,
�
gv
� � � �U

P  � �
���

+v,
�
gv
�

wuhqg fdvh

zlwk P
� � � ��� +v, @ P+v, �

U
P+�,g�/ P  � �

� �

+v, @ P  +v, � 7
U
P  +�,g� .

9v
U
P  +�,g�/ P

� � � ��� +v, @P+v,�6+6�45v.43v
�
,
U
P  +�,g��63+4�9v.

9v
�
,
U
�
�
P  +�,g�> P

� � � +v, @ P+v,/ P  �
�
+v, @P  +v,�vP  +4,/ P

� � � +v, @
P
� � � ��� +v,/ P  � � +v, @ P  +v,� +v�

�
� ,P  +4,�

U
P  +�,g�/ P

� � � +v, @P+v,

dqg P  � � +v, @ P  +v,� v+�f. 4,+
�� �f

�
. �f. 4,

� �
P  +4,/ �f A 3=

a�
���������

0fodvv/ lqgh{hg e| d srvlwlyh sdudphwhu �f/ lqfoxgh wkh vwdwlvwlfv sursrvhg
lq Hoolrww/ Urwkhqehuj/ dqg Vwrfn +4<<9,/ phpehuv ri wkh T � 0fodvv/ dovr lqgh{hg
e| wkh sdudphwhu �f/ lqfoxgh wkh vwdwlvwlf vxjjhvwhg e| Hoolrww +4<<<,/ phpehuv ri

wkh a�
 �

0 dqg a�
 �

0fodvv lqfoxgh wkh Zhljkwhg V|pphwulf Hvwlpdwru ri Sdqwxod/
Jrq}doh}0Iduldv/ dqg Ixoohu +4<<7,/ phpehuv ri wkh a�

���	�
0fodvv lqfoxgh wkh vwdwlvwlf

vxjjhvwhg e| Oh|erxuqh +4<<8,/ phpehuv ri wkh U@V0fodvv lqfoxgh wkh udqjh vwdwlv0
wlf vxjjhvwhg e| Pdqghoeurw dqg Qhvv +4<9;,/ dqg phpehuv ri wkh M0fodvv lqfoxgh
Sdun*v +4<<3, yduldeoh dgglwlrq whvwv M+3> 4, lq wkh phdq fdvh dqg M+4> 5, lq wkh
wuhqg fdvh zkhuh dssursuldwh fruuhfwlrqv iru fruuhodwhg glvwxuedqfhv duh hpsor|hg
iru doo whvw vwdwlvwlfv1 Vhh Vwrfn +4<<7, iru ghwdlov uhjduglqj wkhvh fruuhfwlrqv1 Dv
douhdg| srlqwhg rxw e| Qdeh|d dqg Wdqdnd +4<<3,/ qrwh wkdw wkh dv|pswrwlf glv0
wulexwlrq ri wkh fodvv ri wkh Orfdoo| Ehvw whvwv OE  lq wkh wuhqg fdvh lv d prqrwrqlf
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wudqvirupdwlrq ri wkh dv|pswrwlf glvwulexwlrq ri wkh Q  0fodvv/ vr wkdw whvwv edvhg
rq wkhvh vwdwlvwlfv duh dv|pswrwlfdoo| htxlydohqw1

Lq wkh iroorzlqj ghulydwlrqv/ zh dvvxph wkdw wkh rswlpdo vwdwlvwlfv ri Wkhruhp
6 dqg wkh phpehuv ri wkh fodvvhv ri whvw vwdwlvwlfv lq Wdeoh 4 frqyhujh mrlqwo| wr
wkhlu uhvshfwlyh zhdn olplwv> lw lv wkh vdph P+v, wkdw ghvfulehv doo dv|pswrwlf
glvwulexwlrqv1 Lw fdq eh vkrzq xvlqj wkh Frqwlqxrxv Pdsslqj Wkhruhp wkdw wklv
dvvxpswlrq lv ixo�oohg iru doo vwdqgdug phpehuv ri wkh fodvvhv ghvfulehg deryh �
vhh P oohu +5335,1

Zh �uvw vkrz wkdw whvwv edvhg rq wkh fodvvhv ri vwdwlvwlfv 4�; duh htxlydohqw wr
whvwv edvhg rq vwdwlvwlfv zlwk dq dv|pswrwlf glvwulexwlrq wkdw forvho| sdudoohov wkh
dv|pswrwlf glvwulexwlrq ri T � +j> n,1 Wr wklv hqg/ qrwh wkdw wkh ghwuhqghg P

� � �
+v,

iru wkh fodvvhv ri vwdwlvwlfv 4�; fdq eh h{suhvvhg dvP
� � �

+v, @P
�
+v,.d
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� �� F �
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�
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�
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�
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�� duh 5�4 yhfwruv ri frqvwdqwv dqg d
�
� @ 31 Wklv

pdnhv lw srvvleoh wr h{suhvv wkhlu dv|pswrwlf glvwulexwlrqv lq whupv ri d frqvwdqw/
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�
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� � . d
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� � �
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�
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�
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�
gv. F

� �
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� � g
�
� . d

� � d
� �� . d

� � d
� �� .

�� d
� � d

� �� `F
�

zkhuh g � @ +4> 3,
�
dqg g � @ +3> 4,

�
1 Pruhryhu/ qrwh wkdw pdq| ri wkh fodvvhv ri

vwdwlvwlfv kdyh dv|pswrwlf glvwulexwlrqv ri wkh irup D@E/ zkhuh E A 3 +dw ohdvw zlwk
suredelolw| 4,1 Exw D@E � fy li dqg rqo| li D� fyE � 3/ zkhuh fy vwdqgv iru wkh
dv|pswrwlf fulwlfdo ydoxh xvhg lq wkh whvw1 Zlwk wkhvh lqvljkwv/ lw lv vwudljkwiruzdug
wr vkrz wkdw whvwv edvhg rq vwdwlvwlfv lq wkh fodvvhv 4�; zlwk dv|pswrwlf fulwlfdo
ydoxh fy duh dv|pswrwlfdoo| htxlydohqw wr whvwv edvhg rq vwdwlvwlfv zlwk dv|pswrwlf
glvwulexwlrq

�

+714, �
�
� . �

� � P
�
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�
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�]
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�
+v,gv
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. �
� �
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�
+4,

]
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�
+v,gv. �
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P
�
+v,

�
gv

wkdw uhmhfw iru qhjdwlyh ydoxhv/ zkhuh vrph ri wkh zhljkwv �
�

� ghshqg rq wkh fulwlfdo
ydoxh fy1

Wkh zhljkwv �
�

� iru wkh ydulrxv fodvvhv ri xqlw urrw whvwv duh jlyhq lq Wdeohv

5 dqg 61 Qrwh wkdw wkh dv|pswrwlf glvwulexwlrq ri T
�
� +j> n, kdv wkh vdph irup

+714,/ d zhljkwhg vxp ri d frqvwdqw/ P
�
+4,

�
/
�U

P
�
+v,gv

� �
/ P

�
+4,
U
P

�
+v,gv dqgU

P
�
+v,

�
gv1 Iurp wkh mrlqw frqyhujhqfh ri wkh fodvvhv ri vwdwlvwlfv 4�; lq Wdeoh

4 dqg T
�
� +j> n, wr wkhlu uhvshfwlyh zhdn olplwv/ uhmhfwlrq ru qrquhmhfwlrq lq wkh

olplw dv W $ 4 ri whvwv edvhg rq wkhvh vwdwlvwlfv fdq khqfh eh ghvfulehg lq whupv
ri lqhtxdolwlhv ri zhljkwhg vxpv +714,1 Li iru d fhuwdlq fkrlfh ri j dqg n wkhvh
lqhtxdolwlhv wxuq rxw wr eh lghqwlfdo/ wkhq wkh whvwv duh dv|pswrwlfdoo| htxlydohqw1

Frqvlghu d whvw edvhg rq d vwdwlvwlf zklfk lv phpehu ri d fodvv 4�; lq Wdeoh
41 Vxssrvh wkdw wkh whvw lv fduulhg rxw dw d ohyho � � / zklfk lpsolhv dq dv|pswrwlf
fulwlfdo ydoxh fy+� � ,1 Iurp wkh glvfxvvlrq deryh/ wkh whvw lv dv|pswrwlfdoo| htxly0
dohqw wr d whvw edvhg rq d vwdwlvwlf W 	 zlwk dv|pswrwlf glvwulexwlrq +714, dqg wkdw

�

Wkhuh lv d }hur suredelolw| vhw ri hyhqwv iru zklfk wkh vwdwhphqw lv qrw wuxh +iru h{dpsoh/ li
dq| ri wkh ghqrplqdwruv ehfrphv }hur,1 Doo vlplodu vwdwhphqwv lq wkh vhtxho duh xqghuvwrrg zlwk
wklv phdvxuh wkhruhwlf txdol�hu1
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Wdeoh 51 Zhljkwv lq wkh dowhuqdwlyh ghvfulswlrq +714, ri wkh dv0
|pswrwlf fulwlfdo uhjlrq ri vrph fodvvhv ri xqlw urrw whvwv � phdq
fdvh
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Wdeoh 61 Zhljkwv lq wkh dowhuqdwlyh ghvfulswlrq +714, ri wkh dv0
|pswrwlf fulwlfdo uhjlrq ri vrph fodvvhv ri xqlw urrw whvwv � wuhqg
fdvh
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uhmhfwv iru qhjdwlyh ydoxhv1 Qrz vxssrvh wkdw wkh zhljkw yhfwru +�
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> �
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�
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wkh vwdwlvwlf vdwlv�hv
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4
FFD

iru vrph o � A 3/ j � dqg n � > zkhuh t
�� duh gh�qhg lq Fruroodu| 61 Dsduw iurp

d frqvwdqw/ wkh vwdwlvwlfv W 	 dqg o � T
�
� +j � > n � , wkhq frqyhujh mrlqwo| wr wkh vdph

dv|pswrwlf glvwulexwlrq1 Lw khqfh vx!fhv wr vkrz +715, iru vrph o � A 3/ j � dqg n �
lq rughu wr hvwdeolvk wkh dv|pswrwlf htxlydohqfh ri d whvw edvhg rq d vwdwlvwlf lq wkh
fodvvhv 4�; ri Wdeoh 4 zlwk dq rswlpdo whvw edvhg rq T

�
� +j � > n � ,1

Zkhq vroylqj iru dq dv|pswrwlfdoo| htxlydohqw whvw/ wkh irxu qrqolqhdu htxdwlrqv
+715, pxvw eh vdwlv�hg e| wkh wkuhh xqnqrzqv j � / n � dqg o � 1 Wkhuhiruh/ lw lv qrw
vxusulvlqj wkdw qrw doo fodvvhv ri whvwv lq Wdeohv 5 dqg 6 duh dv|pswrwlfdoo| htxly0
dohqw wr d sduwlfxodu T

�
� +j � > n � ,1 Exw iru fodvvhv 4�9/ htxlydohqfh fdq lqghhg eh

hvwdeolvkhg1
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Iljxuh 61 Dv|pswrwlf srzhu dv d ixqfwlrq ri � iru � @ 8/ 43/ 48/
53 dqg 58

Wkhruhp 71 Xqghu wkh frqglwlrqv ri Ohppd 4 wkh fodvvhv ri xqlw urrw whvwv 4�9
ri Wdeoh 4 duh dv|pswrwlfdoo| htxlydohqw wr rswlpdo whvwv edvhg rq T

�
� +j> n, iru d

sduwlfxodu fkrlfh ri j dqg n=
phdq phdq dqg wuhqg

j n j n
U 4 9@ 3 $ 3 5@j
Q 4 3 $ 3 duelwudu| frqvwdqw
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3
OE $ 3 n 9@ 5 $ 3 duelwudu| frqvwdqw
S � +�f, �f 3 �f 3
T � +�f, �f 4 �f 4

zkhuh wkh htxlydohqfh iru a�
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lq wkh wuhqg fdvh krogv surylghg j  �
���������
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� � zlwk d @ �
�� 	 ������ � ��� �� 
� ��� ���� 
�

� � � � � �� � �� � � � �� lv uhdo1

Jlyhq wkh htxlydohqfh ri d glvwulexwlrqdo dvvxpswlrq frqfhuqlqj � dqg wkh zhljkw0
lqj dssurdfk +615,/ wkh dv|pswrwlf htxlydohqfh ri whvwv edvhg rq S � +�f, dqg T � +�f,
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zlwk whvwv edvhg rq T � +�f> 3, dqg T � +�f> 4,> uhvshfwlyho|/ lv zduudqwhg *e| frqvwuxf0
wlrq*1 Wkh orfdoo| ehvw whvwv zklfk pdnh xs wkh OE fodvv zhuh ghulyhg e| Gxirxu
dqg Nlqj +4<<4, dqg Qdeh|d dqg Wdqdnd +4<<3, xqghu wkh dvvxpswlrq wkdw wkh
yduldqfh ri � lv d �{hg qxpehu1 Wklv fruuhvsrqgv wr wkh fdvh n @ 3/ dqg vr djdlq e|
frqvwuxfwlrq wkh OE0fodvv ri whvwv lv dv|pswrwlfdoo| htxlydohqw wr d whvw edvhg rq
wkh +dssursuldwho| vfdohg, olplw ri T � +j> 3, dv j $ 31 Exw Wkhruhp 7 dgglwlrqdoo|
lpsolhv wkdw wklv olplw lv lqghshqghqw ri n/ surylqj wkdw wkh OE0fodvv ri whvwv duh
dovr dv|pswrwlfdoo| orfdoo| rswlpdo djdlqvw dq dowhuqdwlyh zlwk d }hur0phdq/ qru0
pdo � lqghshqghqw ri � � zlwk yduldqfh R+�

� �
,1 Dgglwlrqdoo|/ vlqfh wkh dv|pswrwlf

glvwulexwlrq ri �T � +j, lv wkh vdph wkdq wkdw ri T � +j> 4,/ wklv lv dovr wuxh li wkh lqlwldo
revhuydwlrq lv gudzq iurp wkh xqfrqglwlrqdo glvwulexwlrq xqghu wkh dowhuqdwlyh1

Wkh +xqfruuhfwhg, U dqg Q vwdwlvwlfv zhuh frqvwuxfwhg dv dssur{lpdwlrqv wr
wkh orfdoo| ehvw whvwv ri wkh xqlw urrw k|srwkhvlv iru lqghshqghqw glvwxuedqfhv � �

djdlqvw wkh vwdwlrqdu| prgho +� @
S �

� � � �
�
� � � , dqg qrqvwdwlrqdu| prgho zlwk

� @ � � lq wkh qhljkerukrrg ri � @ 4/ uhvshfwlyho|1 Wkhlu ghulydwlrq e| Vdujdq
dqg Ekdujdyd +4<;6, dqg Ekdujdyd +4<;9, xvhv wkh Dqghuvrq dssur{lpdwlrq wr wkh
yduldqfh0fryduldqfh pdwulfhv lq wkh Jdxvvldq ghqvlwlhv1 Lqwhuhvwlqjo|/ wkh gl�huhqw
dvvxpswlrq frqfhuqlqj wkh lqlwldo lq wkh ghulydwlrq ri Q dqg U ohdgv wr dv|ps0
wrwlfdoo| gl�huhqw dssur{lpdwh orfdoo| ehvw whvwv/ lq frqwudvw wr wkh h{dfw orfdoo|
ehvw whvwv edvhg rq OE1 Dv douhdg| srlqwhg rxw e| Qdeh|d dqg Wdqdnd +4<<3,/ wkh
Q dqg U vwdwlvwlfv jhqhudoo| gr qrw � hyhq dv|pswrwlfdoo| � fruuhvsrqg wr wkh
orfdoo| ehvw whvw vwdwlvwlfv zkhq wkh h{dfw ghqvlwlhv duh xvhg1 Lq idfw/ wkh U

�
dqg

Q
�
vwdwlvwlfv duh rswlpdo iru d � wkdw lv mxvw vpdoohu wkdq dq| dowhuqdwlyh frqvlghuhg

lq wkh orfdo0wr0xqlw| iudphzrun/ dqg d whvw edvhg rq U  vwdwlvwlf lv orfdoo| rswlpdo
djdlqvw wkh dowhuqdwlyh wkdw wkh lqlwldo vwhpv iurp d qrupdo zlwk d yduldqfh zklfk
lv dq rughu ri pdjqlwxgh odujhu wkdq wkh yduldqfh ri wkh xqfrqglwlrqdo glvwulexwlrq1

Wkh a�
� � ��� ��� �

0fodvv ri whvwv duh dv|pswrwlfdoo| htxlydohqw wr d whvw edvhg rq
T

�
� +j> 3, zkhuh j ghshqgv rq wkh ohyho ri wkh whvw1 Il{lqj �f dw 46=8 +wkh ydoxh

vxjjhvwhg e| Hoolrww/ Urwkhqehuj/ dqg Vwrfn +4<<9,,/ zh �qg wkdw wkh 8( fulwlfdo

ydoxhv ri a�
� � ��� ��� �

dqg a�  �
���������

duh jlyhq e| �;=36< dqg �49=8<4/ uhvshfwlyho|/
zklfk fruuhvsrqg wr j @ 49=3; dqg j @ 5<=53/ zkhuhdv wkh 4( fulwlfdo ydoxhv duh
�46=9<7 dqg �56=8:9/ zklfk fruuhvsrqg wr j @ 5:=6< dqg j @ 69=471 Wkh uhgxfwlrq
ri wkh ohyho wkhuhiruh |lhogv whvwv zklfk duh rswlpdo iru dowhuqdwlyhv zklfk duh hdvlhu
wr glvwlqjxlvk1

Wkh dv|pswrwlf srzhu dv d ixqfwlrq ri � dqg � ri U
�
/ Q

�
dqg a�

� � ���������
duh

ghslfwhg lq Iljxuh 61 Whvwv edvhg rq wkh U
�
vwdwlvwlf kdyh derxw wkh vdph urexvwqhvv

djdlqvw odujh m�m dv whvwv edvhg rq T �
� +j> 4, iru d uhodwlyho| odujh j1 Wkh Q

�
0fodvv dqg

a�
� � ��� �����

0fodvv ri whvwv kdyh vlplodu dv|pswrwlf srzhu fkdudfwhulvwlfv/ xqghuolqlqj
wkh revhuydwlrq wkdw wkh fkrlfh ri j lv hvshfldoo| xqlpsruwdqw iru wkh fdvh n @ 3= Dv
wkhlu frqvwuxfwlrq zrxog vxjjhvw/ erwk whvwv frqfhqwudwh wkhlu srzhu dw prghudwh
ydoxhv ri m�m=

Iljxuh 7 vkrzv dv|pswrwlf srzhu dv d ixqfwlrq ri � dqg � ri wkh OE0fodvv ri
whvwv1 Hvshfldoo| lq wkh phdq fdvh/ srzhu lv yhu| orz iru prvw ri wkh frqvlghuhg
ydoxhv ri � dqg �1 Lq wkh phdq fdvh/ wkh h{dfw orfdoo| ehvw dssurdfk khqfh grhv
qrw |lhog d whvw zlwk jrrg srzhu iru uhohydqw ydoxhv ri � dqg �/ lq frqwudvw wr wkh
dssur{lpdwlrq wr wklv whvw hpsor|hg e| Vdujdq dqg Ekdujdyd1

Zh qrz wxuq wr wkh a�
���

dqg a�
���

fodvvhv ri whvwv1 Zkloh wkh dv|pswrwlf fulwlfdo
uhjlrq ri wkh a�

���

0fodvv fdq eh zulwwhq lq wkh irup +714,/ wkhuh duh qr ydoxhv o � /
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j � dqg n � vxfk wkdw +715, lv vdwlv�hg1 Wkh dv|pswrwlf fulwlfdo uhjlrq ri wkh a�
���

0

fodvv lv ixqgdphqwdoo| qrqolqhdu lq P
�
+4,

�
/
�U

P
�
+v,gv

� �
/ P

�
+4,
U
P

�
+v,gv dqgU

P
�
+v,

�
gv= Exw frqvlghu wkh prgho

+716,

�
�| � @ W

� �����
� . � � phdq fdvh

�| � @ �  . W
� � ���

�w. � � wuhqg fdvh

zklfk lqfoxghv wkh dgglwlrqdo sdudphwhu � ryhu +514, zlwk � @ 41

Wkhruhp 81 Frqvlghu wkh Gdwd Jhqhudwlqj Surfhvvhv +716, dqg +514, zlwk uhjuhv0
vru pdwul{ [ @ [

�
zkhq wkh glvwxuedqfh yhfwru � lv pxowlyduldwh Jdxvvldq Q+3> Y ,

dqg � lv udqgrp dqg lqghshqghqw ri �1 Wkhq

�T
�

� +u> �, @ T
�
+u> �, .

�+�|
�
J

�
� �]

�� ,
�

4 . � �] � �� J �
� �]

��

lv d vwdwlvwlf wr rswlpdoo| whvw K � = �| vwhpv iurp prgho +716, zlwk � � Q+3> �,
djdlqvw K � = �| vwhpv iurp prgho +514, zlwk � @ u lq wkh vhqvh ri +615, zlwk d }hur
phdq Jdxvvldq zhljkwlqj ixqfwlrq ri yduldqfh � zklfk lv lqyduldqw wr wkh wudqviru0
pdwlrqv +614,/ zkhuh �]

�
� @ W

� � ���
�� dqg �] � @ W

� � ���
+3> 4> 5

�
> � � � > W

�
,
�
1

Ixuwkhupruh/ ohw �T
�
+u> �, eh wkh olplw ri wkhvh vwdwlvwlfv dv �$4> dqg ghqrwh zlwk

�T
�
� +j> n, wkh dv|pswrwlf yhuvlrq �T

�
� +j> n, @ �T

�
+4�jW

� �
> $

�
n+5j,

� �
W ,1 Wkhq xqghu

wkh dvvxpswlrqv ri Ohppd 4/ d whvw edvhg rq d phpehu ri wkh a�
� � ���

0fodvv zlwk fulw0
lfdo ydoxh fy

� � ��� lv dv|pswrwlfdoo| htxlydohqw wr d whvw edvhg rq �T
�
� +�5 fy � � ��� >4,1

Phpehuv ri wkh a�
� � ���

0fodvv khqfh duh +wkh olplw ri, dv|pswrwlfdoo| rswlpdo whvwv/
exw rqo| xqghu wkh dvvxpswlrq wkdw wkh qxoo k|srwkhvlv lv jlyhq e| +716,1 Wklv vrph0
zkdw vwudqjh surshuw| pd| eh xqghuvwrrg iurp wkh idfw wkdw wkh frh!flhqwv lq d
Glfnh|0Ixoohu uhjuhvvlrqv ri | rq +| � � > h>[, kdyh dq dowrjhwkhu gl�huhqw lqwhusuhwd0
wlrq xqghu wkh qxoo ri � @ 4 frpsduhg wr � ? 4 +fi1 Ekdujdyd +4<;9,,1 Lq wkh phdq
fdvh/ iru lqvwdqfh/ wkh frh!flhqw rq h hvwlpdwhv wkh wudqviruphg phdq �+4 � �,
xqghu wkh dowhuqdwlyh/ exw d wlph wuhqg xqghu wkh qxoo ri � @ 41 Vrph dxwkruv/ olnh
Skloolsv dqg [ldr +4<<;,/ kdyh frqmhfwxuhg wkdw wklv lqwurgxfwlrq ri d vxshu xrxv

uhjuhvvru xqghu wkh qxoo lv wkh uhdvrq iru wkh uhsruwhgo| orz srzhu ri wkh a�
���

0fodvv
frpsduhg wr rwkhu xqlw urrw whvwv1

Exw Wkhruhp 8 uhyhdov dqrwkhu vwulnlqj ihdwxuh ri wkh vwdwlvwlfv lq wkh a�
���

0fodvv=
wkh zhljkw ixqfwlrq iru � sxwv yhu| pxfk zhljkw rq yhu| odujh m�m1 Dw wkh 8(

ohyho/ wkh dv|pswrwlf fulwlfdo ydoxhv ri wkh a�
���

0fodvv duh �47=4 dqg �54=: lq wkh
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phdq dqg wlph wuhqg fdvh/ uhvshfwlyho|/ vr wkdw wkh a�
� � ���

fodvv lv dv|pswrwlfdoo|
htxlydohqw wr whvwv edvhg rq �T

�
+5;=5>4, dqg �T  +76=7>4, iru wklv ohyho1 Iljxuh 8

ghslfwv wkh dv|pswrwlf srzhu ri wkh 8( whvwv edvhg rq wkh a�
� � ���

0fodvv +vrolg olqh,/
dorqj zlwk wkh dv|pswrwlf srzhu ri d whvw edvhg rq T

�
� +�5 fy � � ��� >4, +gdvkhg olqh,1

Wkh gl�huhqfh lq dv|pswrwlf srzhu ehwzhhq wkh wzr whvwv lv vpdoo iru doo frqvlghuhg
ydoxhv ri � dqg �1 Wklv lpsolhv wkdw lw lv wkh h{wuhph zhljkwlqj ri odujh ydoxhv ri m�m
+udwkhu wkdq wkh dgglwlrqdo sdudphwhu uhjuhvvru xqghu wkh qxoo, wkdw lv wkh ghhshu

uhdvrq iru wkh orz srzhu ri whvwv lq wkh a�
���

0fodvv dw vpdoo dqg prghudwh ydoxhv ri
m�m � wkh udqjh ri lqlwldo ydoxhv w|slfdoo| frqvlghuhg lq Prqwh Fduor vwxglhv1

Wkhruhp 91 Ohw �T
�
� +j> n, dv lq Wkhruhp 81 Wkhq

+l, aj
� � ��� @ dujplq � �T

�
� +j>4, h{lvwv zlwk suredelolw| 4

+ll, xqghu wkh dvvxpswlrqv ri Ohppd 4/ d whvw edvhg rq d vwdwlvwlf ri wkh a�
���

0fodvv
lv dv|pswrwlfdoo| htxlydohqw wr d whvw zklfk uhmhfwv iru vpdoo ydoxhv ri

vljq+aj
� � ��� , �T �

� +aj
� � ��� >4,=

Whvwv edvhg rq vwdwlvwlfv lq wkh a�
���

0fodvv fdq khqfh eh wkrxjkw ri dv hvwlpdwlqj
�> dqg wkhq xvlqj wkh hvwlpdwhg ydoxh iru j lq wkh vwdwlvwlf �T

�
� +j>4,1 Wklv pdnhv

wkh a�
���

0fodvv frpsdudeoh wr d jhqhudol}hg olnholkrrg udwlr vwdwlvwlf/ hvshfldoo| jlyhq
wkdw �T

�
� +j>4, lv dv|pswrwlfdoo| htxlydohqw wr H�qy

�
� +j> a�

� 
 �
,/ zkhuh H�qy

�
� +j> d, lv

gh�qhg dqdorjrxvo| wr Hqy
�
� +j> d,= Vlqfh wkh whvwv uhmhfw �uvw li wkh hvwlpdwhg � lv

odujhu wkdq }hur/ lw lv d *vljqhg* yhuvlrq ri d jhqhudol}hg olnholkrrg udwlr vwdwlvwlf1
Zkloh qrw surylqj dq| rswlpdoo| surshuw| ri wkh a�

���

0fodvv/ Wkhruhp 9 uhodwhv wklv
fodvv wr wkh rswlpdo vwdwlvwlfv �T

�
� +j>4,/ zklfk sxw dq h{wuhph zhljkwlqj rq odujh

ydoxhv ri m�m1
Iljxuh 9 ghslfwv wkh dv|pswrwlf srzhu ri d whvw edvhg rq a�

���

+vrolg olqh,/ dorqj
zlwk d whvw edvhg rq

jOU
�
@ vljq+aj

�
,T

�
� +aj

�
>4,

zkhuh aj
�
@ dujplq � T

�
� +j>4, +gdvkhg olqh,1 Qrwh wkdw T

�
� +aj

�
>4, lv dv|pswrwlfdoo|

htxlydohqw wr wkh olnholkrrg udwlr vwdwlvwlfv � � dqg �
�
ri Glfnh| dqg Ixoohu +4<;4,1

Dv rqh zrxog h{shfw/ wkh dv|pswrwlf srzhu ri erwk whvwv lv odujh iru odujh ydoxhv ri
m�m= Lq idfw/ lq vwdun frqwudvw wr doo rwkhu srsxodu whvwv +dsduw iurp wkh a�

���

0fodvv,
srzhu lqfuhdvhv lq m�m iru doo frqvlghuhg ydoxhv ri �= Wkh *uljkw* qxoo prgho lq wkh
frqvwuxfwlrq ri jOU

�
ohdgv wr dq hyhq vwhhshu judglhqw1
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Wdeoh 71 Fodvvhv ri Xqlw Urrw Whvwv dqg ydoxhv ri j dqg n ri d
frpsdudeoh whvw edvhg rq T � +j> n,

phdq phdq dqg wuhqg
fs j � n � fs j � n �

a�
 �

=<;6 43=; =<;; =<<4 48=< 4=34

a�
 �

=<<7 56=6 =<<< =<<; 69=7 4=33

a�

���	�
=<34 58=; =<:6 =<46 6:=7 4=3;

a�
��� ��� �

=<<9 ;=69 3=33 =<<< 4:=: 3=33

Zklovw wkh dv|pswrwlf glvwulexwlrq ri wkh fodvvhv ri whvw vwdwlvwlfv ;�44 ghshqg
rq wkh vdph ixqfwlrqdov ri P+v, wkdq T � +j> n,/ wkhuh grhv qrw vhhp wr h{lvw vxfk
d forvh olqn wr d sduwlfxodu phpehu ri wkh idplo| T � +j> n, frpsduhg wr wkh whvw
vwdwlvwlfv frqvlghuhg vr idu1 Exw lw zrxog vwloo eh lqvljkwixo wr lghqwli| sduwlfxodu
ydoxhv ri j � dqg n � vxfk wkdw whvwv edvhg rq d fodvv ri vwdwlvwlfv ;�44 ehfrph yhu|
pxfk frpsdudeoh wr whvwv edvhg rq T � +j � > n � ,1 Rqh phdvxuh ri *frpsdudelolw|* ri
whvwv ri wkh vdph ohyho lv wkh suredelolw| wkdw wkh wzr whvwv hlwkhu erwk uhmhfw ru
erwk gr qrw uhmhfw1 E| +dssur{lpdwho|, pd{lpl}lqj wklv suredelolw| ryhu j dqg n
xqghu wkh qxoo k|srwkhvlv ri � @ 4 iru W odujh/ zh irxqg wkh uhvxowv ghslfwhg lq
Wdeoh 71 Wkh froxpq fs lv wkh +hvwlpdwhg, frqglwlrqdo dv|pswrwlf suredelolw| wkdw
wkh 8( ohyho whvw edvhg rq T � +j � > n � , uhmhfwv jlyhq wkdw wkh 8( ohyho whvw edvhg rq
wkh wkh vwdwlvwlf lq wkh �uvw froxpq uhmhfwv iru � @ 41 Vhh wkh Dsshqgl{ iru krz zh
frqgxfwhg wkh vhdufk iru vxlwdeoh ydoxhv ri j � dqg n � 1

Wkh odujh ydoxhv ri fs lpso| wkdw wkh ehkdylru ri wkh fodvvhv ri whvw vwdwlvwlfv
;�44 fdq eh forvho| plplfnhg e| phpehuv ri wkh rswlpdo idplo| T � +j> n,> rqo| iru

wkh whvw edvhg rq a�

���	�
fs lv ehorz <;(1 Wklv forvh fruuhvsrqghqfh lv frq�uphg lq

Iljxuh : zklfk ghslfwv wkh dv|pswrwlf srzhu wkh whvwv ri Wdeoh 7 +vrolg olqh, dorqj
zlwk wkh fruuhvsrqglqj whvwv edvhg rqT � +j> n, +gdvkhg olqh,1 Wkh dv|pswrwlf srzhu
ri wkh srsxodu whvwv lv kdugo| glvwlqjxlvkdeoh iurp wkh fruuhvsrqglqj rswlpdo whvwv
ryhu d zlgh udqjh ri ydoxhv ri � dqg �1 Wkh fodvvhv ri whvwv a�

 �

/ a�
 �

dqg a�

���	�
duh

khqfh yhu| pxfk frpsdudeoh wr whvwv edvhg rq T � +j> 4, iru vrph j= Wkh lpsolflw
zhljkwlqj ri gl�huhqw � ri wkhvh whvwv doprvw fruuhvsrqgv wr wkh rswlpdo zhljkwlqj
li wkh lqlwldo ydoxh lv gudzq iurp wkh xqfrqglwlrqdo glvwulexwlrq1 Wklv h{sodlqv zk|
a�
 �

/ a�
 �

dqg a�

���	�
iduhg zhoo lq Prqwh Fduor vwxglhv zklfk hpsor|hg vxfk dq
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dvvxpswlrq � vhh Sdqwxod/ Jrq}doh}0Iduldv/ dqg Ixoohu +4<<7,/ Oh|erxuqh +4<<8,
dqg Hoolrww +4<<<,1

Wkh dv|pswrwlf glvwulexwlrqv ri wkh M dqg U@V vwdwlvwlfv ghshqg rq ixqfwlrqdov
ri P+v, zklfk gr qrw dsshdu lq dq| ri wkh rswlpdo idplolhv V � +j> I � ,> Hqy � +j> d,
dqg T � +j> n,= Exw wkh dv|pswrwlf glvwulexwlrq ri Hqy � +j> d, lv frpsrvhg ri dq
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h{kdxvwlyh olvw ri ixqfwlrqdov ri P+v, zklfk dsshdu lq wkh dv|pswrwlf olnholkrrg ri
d �uvw rughu dxwruhjuhvvlyh surfhvv1 Dq *dv|pswrwlf vx!flhqf|* dujxphqw wkhuhiruh
vxjjhvwv wkdw wkh M dqg U@V vwdwlvwlfv duh lqh!flhqw xqlw urrw whvw vwdwlvwlfv1 Wklv
zrxog h{sodlq wkhlu srru shuirupdqfh lq Prqwh Fduor h{shulphqwv dv surylghg e|
Vwrfn +4<<7,1 Wklv uhdvrqlqj lpsolhv wkdw wkh orz srzhu ri wkhvh vwdwlvwlfv lv olnho|
wr eh jhqhudo wr dq| sduwlfxodu dowhuqdwlyh ru dvvxpswlrq rq wkh lqlwldo frqglwlrq1

81 dv|pswrwlfdoo| htxlydohqw ihdvleoh whvwv iru wkh rswlpdo idplo|

Wkh rswlpdo vwdwlvwlfv ghulyhg lq vhfwlrq 6 ghshqg qrw rqo| rq wkh dvvxpswlrq ri
wkh zhljkwlqj I exw dovr rq wkh dvvxpswlrq wkdw wkh glvwxuedqfh yhfwru � lv Jdxvv0
ldq zlwk nqrzq yduldqfh0fryduldqfh pdwul{ Y 1 Wkh uhvxowv ri wkh odvw vhfwlrq lpso|
wkdw vrph srsxodu whvwv/ zklfk duh frqvwuxfwhg zlwkrxw wkh nqrzohgjh ri Y / duh dv0
|pswrwlfdoo| htxlydohqw wr vshfl�f phpehuv ri wkh idplo| ri rswlpdo whvw vwdwlvwlfv
T � +j> n,1 Lq wklv vhfwlrq zh h{whqg wklv ihdvlelolw| e| ghulylqj idplolhv ri whvw vwd0
wlvwlfv zklfk gr qrw uhtxluh wkh nqrzohgjh ri Y hlwkhu dqg wkdw duh dv|pswrwlfdoo|
htxlydohqw wr wkh rswlpdo idplolhv ri vwdwlvwlfv V � +j> I � ,> Hqy � +j> d, dqg T � +j> n,
ri vhfwlrq 61 Ixuwkhupruh/ zh vkrz wkdw whvwv edvhg rq wkhvh vwdwlvwlfv dfklhyh wkh
vdph dv|pswrwlf srzhu xqghu yhu| jhqhudo dvvxpswlrqv rq wkh glvwulexwlrq ri wkh
huuru surfhvv dv xqghu wkh dvvxpswlrq ri qrupdolw|1

Zh dvvxph wkh iroorzlqj frqglwlrq rq wkh Gdwd Jhqhudwlqj Surfhvv

Frqglwlrq 51 Wkh }hur phdq surfhvv i� � j lv fryduldqfh0vwdwlrqdu| dqg hujrglf
zlwk �qlwh dxwrfryduldqfhv �+n, @ H^� � � ��� � ` vxfk wkdw
+d, $

�
@
S �

� � � � �+n, lv �qlwh dqg qrq}hur

+e, wkh vfdohg sduwldo0vxp surfhvv W
� ����� S � � � �

� � � � � , $Z +v,1

Wkh vxjjhvwhg vwdwlvwlfv iru wkh phdq fdvh +l @ �, dqg wuhqg fdvh +l @ �, duh
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zkhuh v
�� dqg t

�� +iru l @ �/ � / m @ 3> 4> 5> 6> 7, duh gh�qhg lq Wkhruhp 6 dqg a$ lv

dq hvwlpdwru ri wkh orqj uxq yduldqfh ri � � 1 Wkh ghwuhqghg gdwd |
�� lv jhqhudwhg

dffruglqj wr
+l, l @ � wkhq |

�
� @ | � � | �

+ll, l @ � wkhq | � @ |
�
� � a�|

�
� / zkhuh a� lv wkh ROV hvwlpdwh iurp d uhjuhvvlrq ri

|
�
� rq � 1
Wkh frqvwuxfwlrq ri wkhvh whvwv iroorzv wkh *prgl�hg* whvw vwdwlvwlf dssurdfk

vxjjhvwhg e| Vwrfn +5333,/ dqg h{whqghg lq Qj dqg Shuurq +5334,1 Wkh| vxjjhvw
wkh deryh phwkrg iru rewdlqlqj d whvw zklfk lv dv|pswrwlfdoo| htxlydohqw wr wkh
Hoolrww/ Urwkhqehuj/ dqg Vwrfn +4<<9, S � whvw/ zklfk fruuhvsrqgv wr T � +j> 3, whvw
lq rxu qrwdwlrq/ vr wkdw iru n @ 3 wkh deryh whvwv duh htxlydohqw +dsduw djdlq iurp
wkh frqvwdqw, wr wkh PS � whvw lq Qj dqg Shuurq +5334,1

Wkhruhp :1 Dvvxph wkdw wkh gdwd lv jhqhudwhg xqghu Frqglwlrq 5 dqg wkdw a$
�
$ $

xqghu wkh qxoo dqg orfdo dowhuqdwlyhv1 Wkhq aV
�
� +j> I � ,/ gHqy

�

� +j> d, dqg aT
�
� +j> n, kdyh

wkh vdph dv|pswrwlf glvwulexwlrq wkdq V
�
� +j> I � ,/ Hqy

�
� +j> d, dqg T

�
� +j> n, xqghu

Frqglwlrq 4/ l1h1 wkh glvwulexwlrqv ghvfulehg lq Wkhruhp 61

Wkxv whvwv fdq eh frqvwuxfwhg wkdw kdyh dv|pswrwlfdoo| wkh vdph srzhu dv wkh
rswlpdo whvwv xqghu wkh qrupdolw| dvvxpswlrq1 Qrwh/ krzhyhu/ wkdw wkh whvwv duh
qrw jhqhudoo| rswlpdo li wkh glvwxuedqfhv � � vwhp iurp d qrqqrupdo glvwulexwlrq1
Vhh Urwkhqehuj dqg Vwrfn +4<<:, iru d glvfxvvlrq ri krz rqh pljkw frqvwuxfw pruh
srzhuixo xqlw urrw whvwv lq wklv vlwxdwlrq1

D juhdw qxpehu ri srwhqwldo hvwlpdwruv iru a$ duh dydlodeoh � hdfk zloo d�hfw wkh
vpdoo vdpsoh surshuwlhv ri wkh whvw exw qrw wkh odujh vdpsoh surshuwlhv1 Srwhqwldo
hvwlpdwruv lqfoxgh *vxpv ri fryduldqfhv* w|sh hvwlpdwruv vxfk dv ghulyhg dqg h{dp0
lqhg lq Qhzh| dqg Zhvw +4<;:, dqg Dqguhzv +4<<4, ru dowhuqdwlyho| dxwruhjuhvvlyh
hvwlpdwruv glvfxvvhg lq Kddq dqg Ohylq +5333, dqg hpsor|hg iru vshfldo fdvhv ri wkh
deryh xqlw urrw whvwv lq Hoolrww/ Urwkhqehuj/ dqg Vwrfn +4<<9, dqg Hoolrww +4<<<,1
Vwrfn +4<<7, glvfxvvhv fkrlfhv dydlodeoh1 Zh zloo iroorz wkh vxjjhvwlrqv lq Qj dqg
Shuurq +5334, zlwk d prgl�fdwlrq lq wkh �uvw vwhs lq dffrugdqfh zlwk wkh srlqwv
ri wklv sdshu dqg h{dplqh wkh surshuwlhv ri dxwruhjuhvvlyh hvwlpdwruv frqvwuxfwhg
dffruglqj wr wkh iroorzlqj vfkhph1

Vwhs 4= Fdofxodwh |
�� dffruglqj wr wkhlu gh�qlwlrqv deryh

Vwhs 5= Uxq wkh uhjuhvvlrq �|
�� @ � � |

���� � .
S�

� � � � � �|
���� � . h � � � iru d udqjh ri

srvvleoh odj ohqjwkv s @ 3> � � � > s ����� 1
Vwhs 6= Fkrrvh s

�

dffruglqj wr plqlpl}h wkh PDLF fulwhulrq ri Qj dqg Shuurq
+5334,1 Wklv fulwhulrq lv jlyhq e|

PDLF @ oq+a�
�
� , .

5 +�+s, . s,

W � s �����

zkhuh a�
�

� @ +W � s ����� ,
� � S �

� � ���
	�� h
�
� � � dqg �+s, @ +a�

�

� ,
� �
a�
�

�
S �

� � ���
	� +|
���� � ,

�
1

Vwhs 7= Iru wkh fkrvhq s
�

/ uhuxq wkh uhjuhvvlrq lq Vwhs 5 dqg frqvwuxfw wkh
hvwlpdwh

a$
�
@

a�
�
���

�
4� a�+4,

� �

zkhuh a�+4, @
S� �

� � � a� � 1
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Wdeoh 81 Dv|pswrwlf fulwlfdo ydoxhv dqg vpdoo vdpsoh vl}h iru W @
433/ lqghshqghqw qrupdo lqqrydwlrqv

fulwlfdo ydoxhv fulwlfdo ydoxhv
4( 8( vl}h 4( 8( vl}h

aT
�
� +:> 3, 081368 0619<7 31377 aT  � +:> 3, 081;;5 081736 31364

aT
�
� +43> 3, 091443 061846 31377 aT  � +43> 3, 0:1:97 091;47 31363

aT
�
� +:> 4, 08175; 0718;8 31373 aT  � +:> 4, 081<97 081885 3135;

aT
�
� +43> 4, 091<7 081687 3136< aT  � +43> 4, 0:1<78 0:1485 3135:

aT
�
� +:> 5, 08194; 071<53 3136; aT  � +:> 5, 091373 0819:; 31358

aT
�
� +43> 5, 0:1578 081;:7 3136: aT  � +43> 5, 0;13<3 0:16;3 31357

Qrwhv= Vl}h ydoxhv duh iru 8( qrplqdo ohyho dqg duh edvhg rq 93333 Prqwh Fduor

uhsolfdwlrqv zlwk s ����� @ 31

Wkh prgl�fdwlrq wr wkh Qj dqg Shuurq +5334, surfhgxuh lv lq Vwhs 4 zkhuh lq
wkdw sdshu wkh ghwuhqglqj ri �| lv fduulhg rxw dffruglqj wr wkh dvvxpswlrqv ri Hoolrww/
Urwkhqehuj/ dqg Vwrfn +4<<9,1

Wr lpsohphqw wkh whvwv/ dv|pswrwlf fulwlfdo ydoxhv zhuh frpsxwhg iurp lqyhuwlqj
wkh fkdudfwhulvwlf ixqfwlrq iru wkh T

�
� +j> n, whvwv frqvwuxfwhg yld Ohppd 51 Wdeoh

8 uhsruwv 4( dqg 8( fulwlfdo ydoxhv iru phdq yhuvlrq ri wkh whvwv zkhuh zh kdyh
vhw j @ :> 43 dqg n @ 3> 4> 51 Uhfdoo wkdw gl�huhqw fkrlfhv iru j vlpso| pd{lpl}h
wkh srzhu dw gl�huhqw srlqwv lq wkh � glphqvlrq dqg gl�huhqw fkrlfhv iru n dffrug
wr d gl�huhqw zhljkwlqj ri srvvleoh lqlwldo frqglwlrqv/ zkhuh odujhu ydoxhv lqglfdwh
pruh zhljkw rq odujhu lqlwldo frqglwlrqv1 Dovr uhsruwhg duh Prqwh Fduor uhvxowv iru
vl}h xvlqj wkh dv|pswrwlf 8( fulwlfdo ydoxh zkhq wkh prgho lv jhqhudwhg dffruglqj
wr +514, zlwk W @ 433/ qr vhuldo fruuhodwlrq dqg qrupdoo| glvwulexwhg huuruv1 Wkh
vwdwlvwlfv duh doo d olwwoh xqghuvl}hg/ dowkrxjk wklv lv plqru1

Wkh dv|pswrwlf wkhru| dqg uhvxowv suhvhqwhg vr idu vxjjhvw wkdw wkhuh lv d wudgh0
r� ehwzhhq srzhu iru vpdoo dqg odujh lqlwldo frqglwlrqv1 Zh kdyh vkrzq wklv dqd0
o|wlfdoo| wkurxjk vkrzlqj wkdw rswlpdo whvwv duh gl�huhqw iru gl�huhqw dvvxpswlrqv
rq wkh lqlwldo frqglwlrq/ dqg qxphulfdoo| wkdw lqfuhdvlqj n orzhuv dv|pswrwlf srzhu
zkhq wkh lqlwldo frqglwlrq lv vpdoo1 Zh kdyh dovr vkrzq wkdw pdq| srsxodu xqlw
urrw whvwv kdyh d forvh fruuhvsrqghqfh wr d phpehu ri wkh idplo| ri rswlpdo whvwv
T

�
� +j> n, iru d fhuwdlq fkrlfh ri j dqg n1 Wkhvh whvwv wrr duh wkxv pdnlqj lpsolflwo|

wklv wudgh0r� lq wkhlu srzhu ixqfwlrqv1
Wdeohv 9 dqg : vkrz wkhvh srlqwv lq d Prqwh Fduor h{huflvh zkhuh wkh prgho

lv dv iru wkh vl}h fdofxodwlrq lq Wdeoh 8 dqg zh kdyh ydulhg wkh lqlwldo frqglwlrq1
Wkh wzr sdqhov vkrz srzhu djdlqvw � @ 3=< +dv W @ 433 wklv fruuhvsrqgv wr wkh
dv|pswrwlf uhvxowv zkhuh � @ 43, iru wkh phdq fdvh dqg wkh wuhqg fdvh/ uhvshfwlyho|1
Zh fdq vhh fohduo| wkdw wkh udqnlqj lq whupv ri srzhu iru erwk fdvhv dffrugv zlwk
wkh dv|pswrwlf uhvxowv1 Frqfhqwudwlqj rq wkh aT

�
+j> n, whvw/ zh kdyh iru � @ 3 wkdw

wkh srzhu idoov dv wkh zhljkwlqj ixqfwlrq sxwv pruh pdvv rq odujhu lqlwldo frqglwlrqv
+lqfuhdvh n,1 Iru h{dpsoh/ zlwk j @ 43/ zh kdyh srzhu htxdo wr 97( zkhq n @ 3/
wklv gursv wr 95( iru n @ 4 dqg 87( zkhq n @ 51 Krzhyhu/ iru doo ri wkhvh whvwv
srzhu idoov dv m�m lqfuhdvhv1 Dw � @ 4=8 wkh srzhu udqnlqjv ri wkh whvwv lv uhyhuvhg1
Zkhq n @ 3 srzhu kdv idoohq wr mxvw 44(/ iru n @ 4 lw lv 68( dqg iru n @ 5
srzhu kdv rqo| idoohq e| 44( wr 76(1 Wkh vdph txdolwdwlyh ehkdylru fdq dovr eh
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Wdeoh 91 Vl}h fruuhfwhg vpdoo vdpsoh srzhu ri ydulrxv whvwv iru
� @ 3=<3/ W @ 433 dqg lqghshqghqw qrupdo lqqrydwlrqv lq wkh
phdq fdvh

�
whvw 3 318 4 418 5 518 6 618 7

a�
� � ���

17: 179 178 177 175 173 16: 167 165

a�
� � ���

163 164 166 168 173 178 185 193 19;
Q
�

1:7 18: 157 138 133 133 133 133 133
U
�

184 184 17; 176 169 159 14; 143 138
S
�
� 1:8 196 166 13< 134 133 133 133 133

a�
� � ���������

1:6 197 16; 146 135 133 133 133 133

a�
� � ���������

1:6 197 16< 147 135 133 133 133 133

a�
� �  �

18: 189 184 175 163 14: 13: 135 133

a�
� �  �

194 18< 184 16; 155 13< 136 133 133
aT
�
� +:> 3, 1:9 193 159 138 133 133 133 133 133

aT
�
� +43> 3, 1:: 193 159 138 133 133 133 133 133

aT
�
� +:> 4, 197 194 184 167 149 137 134 133 133

aT
�
� +43> 4, 195 193 184 16: 153 13: 134 133 133

aT
�
� +:> 5, 185 185 183 178 16< 164 155 147 13;

aT
�
� +43> 5, 185 185 183 178 16; 163 154 146 13:

aT
�
� +�f @ 43, 195 18< 184 16: 154 13; 135 133 133

Qrwhv= Edvhg rq 93333 Prqwh Fduor uhsolfdwlrqv zlwk R ����� ' f1

Wdeoh :1 Vl}h fruuhfwhg vpdoo vdpsoh srzhu ri ydulrxv whvwv iru
� @ 3=<3/ W @ 433 dqg lqghshqghqw qrupdo lqqrydwlrqv lq wkh
wuhqg fdvh

�
whvw 3 318 4 418 5 518 6 618 7

a�  �
���

157 157 156 155 153 14; 149 147 145

a�  �
���

14; 14; 14< 153 154 156 158 15; 164
Q  163 15; 155 148 13; 137 135 134 133
U  159 158 156 153 149 145 13; 138 136
S � 165 163 157 14: 143 138 135 134 133

a�  �
��� �����

163 15< 157 14; 144 139 136 134 133

a�  �
���������

164 15< 157 14; 145 139 136 134 133

a�  �
 �

15; 15: 157 154 149 145 13: 137 135

a�  �
 �

15< 15; 157 153 148 143 139 136 134
aT  � +:> 3, 164 15< 156 148 13< 137 135 134 133
aT  � +43> 3, 165 15< 156 149 13< 137 135 134 133
aT  � +:> 4, 164 15< 158 14< 146 13: 137 135 134
aT  � +43> 4, 163 15< 157 14< 146 13; 137 135 134
aT  � +:> 5, 15: 159 157 154 14: 146 13< 139 136
aT  � +43> 5, 15: 159 157 155 14; 147 143 13: 137
aT � +�f @ 43, 163 15; 157 14< 146 13; 137 135 134
Qrwhv= Vhh qrwhv ri Wdeoh 91
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revhuyhg iru wkh wuhqg fdvh lq Wdeoh :1 Vxfk uhvxowv fohduo| vkrz wkdw wkh wudgh0r�
ehwzhhq srzhu iru vpdoo dqg odujh lqlwldo frqglwlrqv dffrugv zlwk wkh dqdo|wlfdo
uhvxowv suhvhqwhg hduolhu1

Wkh urexvwqhvv ri wkh Glfnh| Ixoohu w0vwdwlvwlf dovr frphv wkurxjk fohduo| lq wkh
Prqwh Fduor uhvxowv1 Wklv whvw kdv wkh orzhvw srzhu dprqjvw wkh whvwv e| d idluo|
odujh pdujlq zkhq m�m lv vpdoo1 Krzhyhu/ wklv whvw lv wkh rqo| whvw wkdw kdv srzhu
wkdw lqfuhdvhv dv m�m jhwv odujhu1 Iru yhu| odujh m�m lw lv wkh grplqdqw whvw lq whupv
ri srzhu1 Wklv dffrugv gluhfwo| wr wkh dqdo|wlfdo uhvxowv wkdw vkrz wkdw dowkrxjk
wklv whvw lv qrw dv|pswrwlfdoo| htxlydohqw wr d phpehu ri wkh T � +j> n, idplo|/ lw lv
lqwlpdwho| olqnhg wr wkh rswlpdo idplo| �T � +j>4, zklfk sxwv yhu| pxfk zhljkw rq
yhu| odujh m�m=

91 frqfoxvlrq

Lq fkrrvlqj d whvw edvhg rq dv|pswrwlf surshuwlhv wkh fkrlfh frphv grzq wr
fkrrvlqj d srzhu ixqfwlrq1 Lq hpsor|lqj xqlw urrw whvwv lq sudfwlfh wkh fkrlfh ri d
sduwlfxodu whvw lv lqkhuhqwo| pruh gl!fxow dv wkhuh lv qr xqlirupo| prvw srzhuixo
whvw hyhq lq wkh fdvh ri dvvxplqj d }hur lqlwldo frqglwlrq1 Lq wklv sdshu zh vkrz wkdw
iru pruh jhqhudo dvvxpswlrqv rq wkh lqlwldo frqglwlrq/ wkh fkrlfh ri dq dv|pswrwlf
srzhu ixqfwlrq ghshqgv dovr rq wkh lqlwldo frqglwlrq ri wkh surfhvv1 Wklv lv wuxh iru
erwk wkh vhw ri whvwv wkdw duh ghulyhg wr h{sorlw lqirupdwlrq rq wkh lqlwldo frqglwlrq lq
vrph rswlpdo zd| +h1j1 Hoolrww/ Urwkhqehuj/ dqg Vwrfn +4<<9,, dqg dovr frpprqo|
dssolhg whvwv wkdw gr qrw h{solflwo| frqvlghu wkh lqlwldo frqglwlrq +h1j1 wkh Glfnh|
dqg Ixoohu +4<:<, vwdwlvwlfv,1 Wklv sdshu vkrzv krz srzhu lv d�hfwhg dqdo|wlfdoo|
dqg hpslulfdoo|1 Vlqfh d uhvhdufkhu pxvw pdnh d fkrlfh edvhg rq vrph ylhz ri wkh
lqlwldo frqglwlrq/ lw pdnhv vhqvh wr pdnh wklv fkrlfh h{solflw1 Zh ghulyh idplolhv
ri vwdwlvwlfv wkdw duh rswlpdo lq wkh vhqvh ri pd{lpl}lqj zhljkwhg dyhudjh srzhu/
zkhuh wkh zhljkwlqj lv d glvwulexwlrq ixqfwlrq ri wkh lqlwldo frqglwlrq1 Vxfk vwdwlvwlfv
frqwdlq suhylrxv h!flhqw whvwv iru d xqlw urrw vxfk dv wkrvh lq Hoolrww/ Urwkhqehuj/
dqg Vwrfn +4<<9, dqg Hoolrww +4<<<,1 Zh uhodwh rwkhu vwdwlvwlfv/ wkdw gr qrw kdyh
vxfk rswlpdolw| surshuwlhv/ wr wklv rswlpdo fodvv dv d phwkrg ri xqghuvwdqglqj wkh
lpsolflw dvvxpswlrqv wkh| pdnh rq wkh lqlwldo frqglwlrq1 Wkurxjk wklv zh duh deoh wr
jdlq d pxfk ixoohu xqghuvwdqglqj ri wkhvh vwdwlvwlfv dqg wkhlu surshuwlhv/ dv zhoo dv
d ghhshu xqghuvwdqglqj dv wr wkh gl�huhqfhv lq srzhu surshuwlhv irxqg lq suhylrxv
Prqwh Fduor vwxglhv +zklfk xvxdoo| kdyh wkh lqlwldo frqglwlrq ehlqj gudzq iurp
lwv xqfrqglwlrqdo glvwulexwlrq xqghu wkh dowhuqdwlyh/ zklfk lv lghqwlfdo wr vlpso|
gursslqj r� *hqrxjk* revhuydwlrqv wr *jhw ulg* ri wkh lqlwldo frqglwlrq,1 Wkh uhvxowv
wkhq jlyh uhvhdufkhuv ixoohu lqirupdwlrq rq wkh srzhu fxuyh fkrlfh1

Wkh uhvxowv ri wklv sdshu kdyh lpsolfdwlrqv iru odujhu glphqvlrq v|vwhpv/ dqg
pd| eh h{whqgdeoh lq wkhvh gluhfwlrqv1 Iluvw/ d pxowlyduldwh dqdorj ri xqlw urrw
whvwlqj lv whvwlqj iru frlqwhjudwlqj udqn1 Vxfk whvwv xvxdoo| dvvxph dzd| wkh lqlwldo
frqglwlrq dv lv riwhq wkh fdvh lq wkh xqlyduldwh olwhudwxuh1 Vxfk whvwv zloo kdyh vrph
uhodwlrqvkls ehwzhhq srzhu dqg urexvwqhvv wr wklv dvvxpswlrq1 Vhfrqg/ d uhfhqw
olwhudwxuh kdv ghyhorshg durxqg srrolqj xqlw urrw whvwv iru d qxpehu ri yduldeohv
lq d sdqho vhwwlqj1 Wkh sdqho vhwwlqj zloo dovr eh d�hfwhg lq d vlplodu zd| wr wkh
xqlyduldwh whvwv/ dowkrxjk lq d sdqho vhwwlqj pruh pd| eh srvvleoh lq whupv ri xvlqj
wkh gdwd wr glvfhuq ehwzhhq srwhqwldo dvvxpswlrqv rq wkh lqlwldo frqglwlrq1

5<



DSSHQGL[

Surri ri Wkhruhp 4=
Iurp wkh wkhru| derxw lqyduldqw whvwv/ zh nqrz wkdw dq rswlpdo lqyduldqw whvw vwd0
wlvwlf lv jlyhq e| wkh Olnholkrrg Udwlr vwdwlvwlf ri d pd{lpdo lqyduldqw +fi1 Ohkpdqq

+4<;9,/ ss1 5;5,1 Ohw �P @ �L � �[+ �[
�
�[,

� �
�[
�
/ zkhuh �L lv wkh +W . 4, � +W . 4,

lghqwlw| pdwul{1 Wkhq �P �| lv vxfk d pd{lpdo lqyduldqw1 Pd{lpl}lqj wkh zhljkwhg
dyhudjh srzhu fulwhulrq +615, lv htxlydohqw wr pd{lpl}lqj srzhu djdlqvw wkh vlpsoh
dowhuqdwlyh K

�

� = wkh ghqvlw| ri �| lv jlyhq e|
U �
� � i+�|m{,gI +{,/ zkhuh i+�|m{, lv wkh

ghqvlw| ri �| jlyhq � @ {1 Xqghu K � dqg iru dq| �/ �P �| � Q+3> �P �	 � �P,1 Xqghu K �

dqg � �{hg wr {/ �P �| � Q+ �P �U � {> �P �	 � �P,/ vxfk wkdw wkh glvwulexwlrq ri �P �| xqghu
K

�

� lv jlyhq e| d pl{wxuh ri wkhvh qrupdov1 Qrwh wkdw wkh frpprq qxoo vsdfh ri
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