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Abstract

This paper considers the problem of the identification of causal effects using instrumental

variables. We are interested in the effects of some treatments on certain outcomes. First,

we consider that a participation in a treatment or a program is only possible one time but

we have the choice between more than one program. Under a monotonicity condition and

an exclusion restriction, pair-wise Local Average Treatment Effects are identifiable. Second,

we consider the case where only one program is available but more than one participation is

possible, leading to a comparison of sequences of participations (or sequences of programs).

In this framework a problem of endogeneity appears: the outcome after one period, affected

by the participation in this period, can influence the participation in the next period. Under

different versions of the monotonicity condition and the exclusion restriction, identification

of the causal effects of sequences of programs are investigated. The introduction of a second

period implies a loss of identification for some effects of interest even without any

endogeneity problem.
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���,QWURGXFWLRQ
The estimation and identification of causal effects is often encountered in conjunction with

the evaluation of some treatments or programs, as for example vocational training programs.

The literature dealing with this issue increased a lot since the last twenty years. The aim is to

see if the application of a program is beneficial to a particular population. A summary of the

principal methods and problems associated with program evaluation can be found in Angrist

and Krueger (1999), Heckman, LaLonde and Smith (1999) and Lechner and Pfeiffer (2001).

The evaluation problem is usually examined with Rubin’s framework of potential outcomes

(Roy 1951, Rubin 1974). Assuming that two possible states of nature exist, the outcome of an

individual is described by two potential outcomes, each depending on or “defined” by one

state of nature. The observed or realized outcome is one of these potential outcomes according

to the realization of the state of nature or, in other words, according to the program applied.

Then the effect of the program is computed as the difference between the potential outcomes.

For example, for the evaluation of training programs we want to compute the effect of

participating in the program compared to not participating. Thus, we need to compute the

difference of the two potential outcomes defined in the state of nature “participation” and in

the state of nature “no participation”. As already mentioned, only one outcome is observable.

Therefore, we have to state some hypotheses to be able to construct this difference and to

estimate the causal effect of the program.

One possible approach is to use instrumental variables (if available). In this framework

different effects are estimated depending on the assumptions made. Imbens and Angrist

(1991, 1994) and Angrist, Imbens and Rubin (1996) have proved that the effect identified

with instrumental variable restrictions is the Local Average Treatment Effect (LATE), an

observable effect for an unobservable population: the compliers or the individuals for whom a

change in the instrument’s value implies a change in the treatment status. A second approach

using instrumental variables is the Local Instrumental Variables method (LIV)1 introduced by

Heckman and Vytlacil (Heckman 1997, Heckman and Vytlacil 1999, 2000 a-b). With this

method they extend the linear IV analysis and they are able to estimate a wider class of

treatment parameters. A huge literature applies or extends these methods, among others

Abadie (2000, 2002), Abadie, Angrist and Imbens (1998) Heckman, Tobias and Vytlacil

(2000), Manski and Pepper (2000), Vytlacil (2002).  Although these authors present very

interesting results, for example that LATE allows the estimation of quantiles, LATE and LIV
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are  equivalent, all these papers work in a static framework. They do not study the impact of

multiple participations over time and the influence of previous program participations. In fact,

the effects of the programs attended by the individuals in the past have an influence on the

choice of the next program and this influence cannot be handled in such a framework.

Although the dynamic character of the problem can be treated in a parametric framework

(panel data models like duration models, van den Berg, 2000, Arellano and Honoré, 2002),

few work has been done in a nonparametric framework. The origin can be found in the series

of papers from Robins (1986, 1989, 1997) and Robins, Greenland and Hu (1999) in

Biometrics. These papers use counterfactual outcomes in a dynamic framework using some

sequential randomization to identify the effects of interest. A more complete work on the

identification problem of average treatment effects in a counterfactual dynamic framework

can be found in Lechner and Miquel (2001). The effects of sequences of programs are

identified only for certain populations of participants when the dynamic aspect of the problem

is taken into account (the outcome of one period, itself influenced by the participation in this

period, affects the participation in the next period). But until now, no work has been done in

the area of IV methods in a dynamic framework.

This paper presents an extension of the static case (one-period case) where now many

programs or treatment are available (instead of only one program) and it presents the

necessary conditions to identify the effects of sequences of programs (many periods). The

identified effects look like some Local Average Treatment Effects. In the static framework,

the LATE is the effect of a program for the compliers, a population that changes its

participation with a change in the value of an instrumental variable. In the multi-period

framework we need to redefine which persons are compliers and some other similar

populations. With these definitions, we establish the assumptions needed for the identification

of the LATEs. Unfortunately, we are not able to identify all effects of interest whether we are

in a nondynamic case where the outcome of the previous period does not affect the

participation in the second period, or not. The paper is restricted to three periods. The more

general case (with T periods) will generate no other problems or results as those presented

here but will be more difficult to handle due to the large number of sequences of programs

and possible instruments.

The next section of the paper introduces the notation used in the paper. Section 3 recalls the

results of the one-period static case. Section 4 extends the one-period case with one program

                                                                                                                                                                                    
1 This method directly estimates the Marginal Treatment Effect.
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to a one-period case with multiple programs. Section 5 provides the assumptions and

identification results in a multi-period framework with one instrument available. Section 6

presents different sets of assumptions to identify the effects in a multi-period case with two

instruments available. These sets of conditions are differentiated depending on the

sequentiality and dynamics introduced in the problem. The last section concludes.

���1RWDWLRQ

One of the difficulties arising when we work in a dynamic framework is a trade-off between

the degree of complexity of the notation required to correctly describe the problem with all ist

facets and the need of clarity. The notation used in this paper is based on the one introduced in

Lechner and Miquel (2001). Without imposing any restricting on the problem we can simplify

it to the case of three discrete time periods denoted with the subscript 0,1,2W = . For each

period only one training program exists. So each period the choice is between participating or

not participating in this program. (This general framework will be modified a little in the next

section.) Three different types of variables are available.

The first type consists of instrumental variables. These variables fulfill particular exclusion

restrictions, which we will discuss later. These exclusion restrictions vary depending on the

dynamic framework used. We limit us to the case of binary variables, i.e. to the case where

the instrument variables are dummy variables. Moreover, the number of available instruments

varies depending on the case studied. We can dispose of one or two instruments (and in the

remainder of this section we treat the two-instruments case). We relate those variables to the

time period. The first instrument will have the subscript 1 and the second will have the

subscript 2 because the second one is always available only in the second period. The random

vector of the instrumental variables in all periods is represented by 2 1 2( , )= = == , { }0,1
W

= ∈ .

A particular value of the instrument at time W is denoted 
W
] .2

The second type of variables relates to the participation in the program or treatment.

2 1 1 2 2( ) (0, ( ), ( ))6 = 6 = 6 == represents the history of potential participations. In each period the

participation indicator takes either of two values: 0, when the person does not participate in

the program and 1, when she does, { }( ) 0,1
W W

6 = ∈ . In the first period nobody participates in

the program, hence 0 0( ) 06 = = . We can represent the dependence of the participation

                                                          
2 For all variables a value is represented by a lower case letter and the random variable by an upper case letter.
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indicator on the instrument using such notation because we make an additional assumption.

Three different dependencies are possible and will be investigated3: firstly, the participation in

both periods depends only on the first instrument (only one instrument is available); secondly,

each participation indicator depends on one instrument (the participation in the first period

depends on the first instrument and the participation in the second period depends only on the

second instrument), and finally, the participation in the second period depends on both

instruments. In the second type of dependencies, the participation in the second period

depends only on the second instrumental variable, 2= , although the first instrument is still

available. The first period participation indicator depends only on the first instrument because

in the first period only this instrument is available. Due to the dependence of the participation

indicator on the instrument, ( )
W W

6 =  represents a potential participation, the potentiality being

defined in terms of the instrument. ( )
W W

6 ]  is still a random variable in the special world in

which the instrumental variable takes the particular value ]  at time .W  The observed

participation indicator in one period is denoted by 
W

6 . Sequences of programs are simply

denoted by a sub-vector of the history: 1 1 1 1( ) (0, ( ))6 = 6 == ,  2 2 1 1 2 2( ) (0, ( ), ( ))6 = 6 = 6 == . We

have to notice that the notation used for the instrumental variable 
W

=  is a misuse of the

notation. The “underline notation” depicts the history of a variable up to a certain time. Using

( )
W W

6 =  we are not saying that the dependence applies to all the history of = up to period W ,

but that each element of this history has an influence on a corresponding element of the

history of the participations.4 We also neglect the subscript for individuals. The participation

indicator for an individual depends only on the value of her own instrumental variable. The

instrument for the other individuals has no influence on her participation: we implicitly

assume that the SUTVA assumption from Rubin (1974) holds.5

The third category of variables represents outcomes. The impact of the treatments is modeled

using the concept of potential variables. Each sequence of treatments defines a different

world. In each of these worlds a random outcome exits. Thus, each of these outcomes is

regarded as a potential outcome, as only one of the states of the world is realized. In the world

characterized by a particular value of the sequence 
W
V , the potential outcome at time τ  ( Wτ ≥ )

is W
V<τ . The observed outcome at τ  is represented by<τ .

                                                          
3 The second type of dependences is used for the presentation of the notations.
4 Note that for the participation indicator, (.)

W
6 represents the history of participations up to period .W

5 We use a modified version (for the multi-period case) of the Stable Unit Treatment Value Assumption: a) if
’

2 2L L
= ==  then 2 2( ) ( ’)

L L
6 = 6 ==  and b) if ’

2 2L L
= ==  and  ’

2 2L L
6 6=  then 

’
2 2V V

L L
< <τ τ= .
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In our three-time period framework, the following sequences of treatments are possible: 

{ }1 (0,1), (0,0)V ∈ ; { }2 (0,1,1), (0,0,1), (0,1,0), (0,0,0)V ∈ , 

implying six potential outcomes:       

(0,1) (0,0) (0,1,1) (0,0,1) (0,1,0) (0,0,0), , , , ,< < < < < <τ τ τ τ τ τ .

To simplify the exposition the effects are summarized in the following notation:

, ( ) ( | )W W W W
V V V V0 P ( < < 0 Pτ τ τθ = = − =% %

 where 0 represents functions of the participation indicators.6

The relations between the observable outcome, <τ  and the potential outcomes defined in

Lechner and Miquel (2001) are valid in our framework. The following equations hold in the

case of three time periods. To simplify the notation we suppress the first period participation

indicator (it is zero for everybody) in the remainder of the paper.

    
1. 0.

1 1 1 1

11 10 00 01
1 1 2 2 1 1 2 2 1 1 2 2 1 1 2 2

( ) (1 ( ))

( ) ( ) ( )(1 ( )) (1 ( ))(1 ( )) (1 ( )) ( ) .

< 6 ] < 6 ] <

6 ] 6 ] < 6 ] 6 ] < 6 ] 6 ] < 6 ] 6 ] <
τ τ τ

τ τ τ τ

= + −

= + − + − − + −

In the following we will denote period 0W =  “start period” and period 1W =  “first period”. In

the start period nothing happens and in the first and second period participation becomes

possible.

���7KH�VWDWLF�FDVH�XVLQJ�WKH�PXOWL�SHULRG�QRWDWLRQ

This part restates the “static case” using the multi-period notation. We consider only the first

period, hence, the participation in the program is only specified for this period. The

participation for the second period remains unspecified. To identify the LATE we need the

following assumptions using Dawid’s (1979) notation of independence C :

ASSUMPTION 1: (STATIC INDEPENDENCE CONDITION)       

1 1 1 1( ( ), ), ( (1), (0))W
V

W
6 ] < 6 6 =τ C  , ,

W W
V ]∀ .

                                                          
6 For example 20 6=  and (0,1,1)P = .
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ASSUMPTION 2: (ONE PERIOD MONOTONICITY CONDITION): 

{ }( ) ( ) =1 or ( ) ( ) =1 ;  , 0,1 , .
W W W W W W W W W W W W

S 6 ] 6 ] S 6 ] 6 ] ] ] ] ]   ′ ′ ′ ′≥ ≤ ∈ ≠      
7

These assumptions are those stated by Imbens and Angrist (1994). The variables are indexed

only with a time subscript. The static independence condition (SIC), which is the first part of

condition 1 in Imbens and Angrist (1994), defines an exclusion restriction. The joint

distribution of the potential outcome and the potential participation indicator is independent of

the instrument in the first period. Also, the joint distribution of the potential participations is

independent of  the instrument in the first period. The monotonicity condition (OMC), which

is the second condition in the above mentioned paper, ensures a monotonic influence of the

instrument on the participation. If it is more likely to participate when 
W W

6 ]=  than when

W W
6 ] ′= , then each person who participates when 

W W
6 ] ′=  should also participate when .

W W
6 ]=

In the terminology of Imbens and Angrist this hypothesis excludes the subpopulation of

defiers (if the instrument corresponds to an assignment in a program, these individuals will do

the opposite of it). Both assumptions are untestable.

Theorem 1: UNDER ASSUMPTION 1 (SIC) AND 2 (OMC) WITH 1W = ,  THE EFFECT

(1.),(0.)
1 1( (1) (0) 1)6 6τθ − =      IS IDENTIFIED.

The proof is given in appendix A.1. Theorem 1 states, that the local average treatment effect

for the compliers in the first period is identified. If we assume the instrument to be “should

participate”, when taking the value 1, and “should not participate”, when taking the value 0,

then the “compliers in the first period” are the subpopulation that follows the “assignment” of

the instrument in the first period. The participation indicator 16  will be equal to 1 and 0

respectively when 1=  is equal to 1 and 0 respectively. Note that we do not specify the

behavior of the compliers in the second period. We only want to differentiate the population

on the basis of their behavior in the first period.

���7KH�VWDWLF�FDVH�ZLWK�PXOWLSOH�SURJUDPV

                                                          
7 In Imbens and Angrist (1994) this condition is presented in the following form

{ }( ) ( ) or ( ) ( );  , 0,1 , .
W W W W W W W W W W W W

6 ] 6 ] 6 ] 6 ] ] ] ] ]′ ′ ′ ′≥ ≤ ∈ ≠



9

Let us stay in this one-period case with only one instrument and look at multiple alternatives

faced by the individuals. Now, they have the choice to participate in one among several

programs. As an example, consider only for this section that four different programs are

available. The participation indicator 16  equals zero when the individual does not participate

in any program, and  16  equals one, two or three depending on the program visited,

{ }1 0,1, 2,36 ∈ .8 The potential participation indicators, 1 1(1), (0)6 6 , can also take four different

values and also four potential outcomes, 0 1 2 3, , ,< < < < , are now available. To place ourselves

once again in a binary world, where only two programs are considered, we introduce news

binary variables, (1), (0),
NO NO NO

6 6 6% % % , , 0,1, 2,3N O = . The first two groups are potential variables

(they depend on the value of the instrument 1= ) and the last one is observed.9 When the

participation choice is restricted to be between programs k and l, these variables equal 1 when

1 1 1(1), (0),6 6 6  respectively take the value N  and equal 0 when 1 1 1(1), (0),6 6 6  respectively

take the value O . When we compare pairs of programs, they indicate the participation in one

of the programs of the pair. As we only compare two programs we can use the terminology of

the one-program case and rename one of our choices “participation” and the other one

“nonparticipation” in the pair considered. In the following, these variables are called “pair

participation indicators” and when we mention a “pair participation” we talk about the

participation in one program instead of in a second program in a pair-wise comparison (only

two programs are available for the choice).

ASSUMPTION 3: (CONDITIONAL - STATIC INDEPENDENCE CONDITION)

        { }1 1 1( ( ), , ), ( (1), (0)) | ,N O

NO NO NO
6 ] < < 6 6 = 6 N Oτ τ =% % % C , 1, ,] N O∀ . 

The hypotheses needed for the identification of effects are still an independence and a

monotonicity condition. The first one, the conditional static independence condition (C-SIC),

states the exclusion restriction which defines the instrument. The instrument 1=  should have

no influence on the joint distribution of one potential binary variable indicating a pair

participation and the two potential outcomes corresponding to this pair (they are indexed by

the programs in the pair), given that a participation in one of those programs considered in the

                                                          
8 The four sequences of programs defined in the notation section can be considered as four different programs,

for example the sequence ( )1,1  can be defined as program 1.
9 They can be computed from observable quantities.
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pair is actually observed. It is exactly the same condition as the one defined by Angrist and

Imbens. The second condition, the conditional one-period monotonicity condition (C-OMC),

affects the pair participation indicators and not the participation indicators. Nevertheless, the

same interpretation can be made in terms of pair participation. Given that the choice is

between participating in program N  and participating in program O , the instrument has a

monotonic influence on the participation.

ASSUMPTION 4: (CONDITIONAL-ONE PERIOD MONOTONICITY CONDITION): 

{ } { } { }’ ’ ’ ’
1 1 1 1 1 1 1 1 1 1( ) ( ) | = k,l =1 or p ( ) ( ) | = k,l 1;  , 0,1 , .

NO NO NO NO
S 6 ] 6 ] 6 6 ] 6 ] 6 ] ] ] ]   ≥ ≤ = ∈ ≠   

% % % %

Under these assumptions all the effects comparing any pair of programs are identified for the

compliers of the subpopulation participating in one of the programs considered in the pair.

The compliers population is defined with respect to the pair participation and not with respect

to all possible participations. These results are presented in theorem 2.

Theorem 2: UNDER ASSUMPTION 3 (C- SIC) AND 4 (C – OMC),  THE EFFECTS

{ }( .),( .)
1( (1) (0) 1, , )N O

NO NO
6 6 6 N Oτθ − = =% % , ,N O∀      IS IDENTIFIED.

The proof is given in appendix A.2. Here, identification is obtained as easily as in the case

where we have the choice to participate in only one program. Indeed, the conditioning set

restores a “binary approach” to the problem and the same mechanisms apply. The results are

similar to those found by Imbens (2000) and Lechner (2001) for the identification of

treatment effects under the conditional independence assumption when more than one

treatment is available. Identification is satisfied for subpopulations that have a restricted

choice of programs: they can only participate in one of two programs.

���7KH�PXOWL�SHULRG��RQH�LQVWUXPHQW�FDVH

Now, we consider the first type of dependence between the participation indicators and the

instrument. The behavior of the individuals is investigated for both periods, but we only

observe the first instrument. Or equivalently, the instruments are perfectly correlated, 1 2= == .

Within this context, how can we define the subpopulation of compliers? Does a population of

compliers exist? More than one such subpopulation can be defined. For example, some

individuals could comply only in one period and thus form a subpopulation of compliers for
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this period. Nevertheless, we will use the term “compliers” without reference to a time period

but for the subpopulation of persons who comply in both periods. Thus, more than one effect

can be defined depending on the subpopulation considered. Nontheless, identification will be

possible only for some of these subpopulations. With one instrument, two different classes of

effects are identified. The assumptions needed comprise an independence condition (or an

exclusion restriction) and a monotonicity condition. Although the first period variables can

have an influence on the second period variables (e.g. the second participation depends on the

first one), the structure of the problem is very similar to the one-period, multiple-program

case of the previous section. The conditions used are also in a conditional form. Instead of

conditioning on a restricted participation choice (only between two programs), we condition

on the behavior in one period. We can choose to fix the behavior in the first period or in the

second period depending on the effects we are interested in. For example, we can look at the

population that participates in the first period.

ASSUMPTION 5: (CONDITIONAL-STATIC INDEPENDENCE CONDITION):

2
’ ’

’
1 1 1 1( ( ), ), ( ( ), ( )) |V

W W W W W
6 ] < 6 ] 6 ] = 6 Vτ =C  , ’ ’

1 1 2, , ,] ] V W W∀ ≠ .

ASSUMPTION 6: (CONDITIONAL-ONE PERIOD MONOTONICITY CONDITION): 

{ }’ ’ ’ ’
’ ’ ’ ’ ’

1 1 1 1 1 1 1 1( ) ( ) | = =1 or ( ) ( ) | = 1;  , 0,1 , , .
W W W WW W W W

S 6 ] 6 ] 6 V S 6 ] 6 ] 6 V ] ] ] ] W W   ≥ ≤ = ∈ ≠ ≠   

Theorem 3 states that the first identifiable effects are those for the subpopulations whose

participation in the first period is the same whatever the value of the instrument.

Theorem 3: UNDER ASSUMPTIONS 5 (C-SIC) AND 6 (C-OMC) WITH 2W =  AND ’ 1W = ,  THE

EFFECTS 11,10
1 2 2( 1, (1) (0) 1)6 6 6τθ = − =   AND 01,00

1 2 2( 0, (1) (0) 1)6 6 6τθ = − =

ARE IDENTIFIED.

The proof is given in appendix A.3. In this case, the first period (1W = ) plays the role of the

start period ( 0W = ) for the subpopulations defined by their participation status in the first

period. The identifiable effects compare sequences of treatments which have an identical

participation in the first period. Thus, in the subpopulations defined by the participation or by
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the nonparticipation in the first period, the local average treatment effect (participation versus

no participation in the second period) is identified for the second period compliers.

We get a similar result when we consider the subpopulation who complies in the first period

and always or never participates in the second one. This time the conditions affect the first

period potential participation indicators given the participation in the second period. The

proof is given in appendix A.4.

Theorem 4: UNDER ASSUMPTIONS 5 (C-SIC) AND 6 (C-OMC) WITH 1W =  AND ’ 2W = ,  THE

EFFECTS 11,01
2 1 1( 1, (1) (0) 1)6 6 6τθ = − =   AND 10,00

2 1 1( 0, (1) (0) 1)6 6 6τθ = − =   ARE

IDENTIFIED.

We compare sequences that have the same participation in the second period. The effect

induced by the different sequences comes from the comparison of participation and

nonparticipation in the second period. However, the assumptions used are not very intuitive

because we condition on a variable from the future. Nevertheless, we can identify the same

effects under a set of assumptions which are a little different but more intuitive.

ASSUMPTION 7: (STATIC INDEPENDENCE CONDITION-BIS):

     2
1 1 2 1 1 1 2 2 1( ( ), ( ), ), ( (0), (1), (0), (1))V6 ] 6 ] < 6 6 6 6 =τ C  , 2,] V∀ .

The price to pay for the suppression of the conditioning set is a strengthening of the

independence condition. Now it deals with the joint distribution of the potential outcome and

the participation indicators in both periods and the joint distribution of all the participation

indicators. The results of theorem 3 and 4 are restated in theorem 5 and proved in appendix

A.5.

 Theorem 5:
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A) UNDER ASSUMPTIONS 7 (SIC_BIS), AND 6 (OMC) WITH 2W =  AND ASSUMING THAT

[ ]1 1(1) (0) 1S 6 6= = ,  THE EFFECTS 11,10
1 2 2( 1, (1) (0) 1)6 6 6τθ = − =   AND

01,00
1 2 2( 0, (1) (0) 1)6 6 6τθ = − =   ARE IDENTIFIED.

B) UNDER ASSUMPTIONS 7 (SIC_BIS), AND 6 (OMC) WITH 1W =  AND ASSUMING THAT

[ ]2 2(1) (0) 1S 6 6= = ,  THE EFFECTS 11,01
2 1 1( 1, (1) (0) 1)6 6 6τθ = − =   AND

10,00
2 1 1( 0, (1) (0) 1)6 6 6τθ = − =   ARE IDENTIFIED.

Apparently the most important change is without doubt the third assumption which excludes

the defiers DQG the compliers of the first or the second period. Of course this restriction is

undesirable. Moreover, the number of sequences we can compare in this context is very small.

With only one instrument available, some effects can be identified if we step back into a “one

period context”. The possible comparisons of sequences is restricted due to the fact that only

sequences with the same participation in one period can be considered to obtain identification.

���7KH�PXOWL�SHULRG��WZR�LQVWUXPHQWV�FDVH

Nevertheless, in this two-period framework more than one instrument is available. This

additional information will allow to identify more effects. As already mentioned in the

notation section, we consider different combinations of the participation indicator in the

second period and both instruments. In this part we assume that the participation in the second

period is only influenced by the second instrument. (The second instrument does not include

the information provided by the first instrument.)

����� 6WDWLF�FDVH

Although we have more than one period, we are still in a nondynamic framework, because the

first period outcome has no effect on the participation and on the outcome in the second

period. As in the previous sections, we need an independence and a monotonicy assumption

to obtain identification. Besides the dependence on the time index of the instrument, nothing

is new and we can keep the independence assumption (SIC-BIS) of the previous section. To

clarify this notion of independence, we rewrite it taking explicitly account of the time index of

the instrument.
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ASSUMPTION 8 (STATIC INDEPENDENCE CONDITION-BIS): 

2
1 1 2 2 1 1 2 2 1 2( ( ), ( ), ), ( (0), (1), (0), (1)) ( , )V6 ] 6 ] < 6 6 6 6 = =τ C  , 1 2 2, ,] ] V∀ .

Each (previously defined) joint distribution is independent of the instrument in each period.

Until now the monotonicity condition has affected only one period. A priori, we do not have

any other restriction on the subpopulations we considered now, thus, we need to exclude the

defiers in both periods. Hence the new monotonicity condition is an extension of the one-

period monotonicity to a two-period monotonicity.

ASSUMPTION 9 (TWO-PERIOD MONOTONICITY CONDITION): 

[ ] [ ]1 1 1 1(1) (0) =1or (1) (0) =1S 6 6 S 6 6≥ ≤ , [ ] [ ]2 2 2 2(1) (0) =1 or (1) (0) =1S 6 6 S 6 6≥ ≤

and [ ] [ ]1 1 2 2 1 1 2 2(1) (0), (1) (0) =1 or (1) (0), (1) (0) =1,S 6 6 6 6 S 6 6 6 6≥ ≥ ≤ ≥

[ ] [ ]1 1 2 2 1 1 2 2or (1) (0), (1) (0) =1or (1) (0), (1) (0) =1S 6 6 6 6 S 6 6 6 6≥ ≤ ≤ ≤ .

In the following, we will arbitrarily consider the case where 1 1(1) (0)6 6≥ and 2 2(1) (0)6 6≥ .

Then, under those assumptions, the following fourteen effects can be identified:

Theorem 6: UNDER ASSUMPTIONS 8 (SIC-BIS) AND 9 (TMC),

A)  ALL LATE – EFFECTS OF TYPE ,
2 2 1 1(( (1) (0))( (1) (0)) 1)LM NO 6 6 6 6θ − − = , 

, , , 1,0L M N O = , ARE IDENTIFIED.

B) THE FOLLOWING 8 EFFECTS  ARE IDENTIFIED:

B.1) 11,01 11,01
2 1 1 2 1 1( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

B.2) 11,10 11,10
1 2 2 1 2 2( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

B.3) 10,00 10,00
2 1 1 2 1 1((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1),6 6 6 6 6 6θ θ− − = − − =

B.4) 01,00 01,00
1 2 2 1 2 2((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1).6 6 6 6 6 6θ θ− − = − − =

The theorem is proved in the appendix A.6. The effects comparing all pairs of sequences are

identified for the compliers in both periods. For other subpopulations less effects are

identified. We can only compare sequences which have the same participation in one period.
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The persons concerned comply in one period (when the sequences differ). In the other period

only the participation or the treatment under a special value of the instrument is specified.

When the instrument equals 1 we cannot differentiate between the compliers and the always-

takers. When it equals 0, due to the monotonicity assumption the defiers are excluded and the

effect affects the never-takers. Identification is obtained because the effects can be expressed

as a function of observable probabilities and expectations. For example,

( )11,01
2 2 1 1( (1) (0))( (1) (0)) 16 6 6 6θ − − =

[ ] [ ] [ ] [ ]
[ ]

2 1 2 2 1 2 2 1 2 2 1 2

2 2 1 1

| 1, 1 | 0, 1 | 1, 0 | 0, 0
.

( (1) (0))( (1) (0)) 1
W W W W

( < 6 = = ( < 6 = = ( < 6 = = ( < 6 = =

3 6 6 6 6

= = − = = − = = + = =
=

− − =
And the denominator equals

2 2 1 2 2 1 2 2 1 1 1 1( | 1, 1) ( | 0, 1) ( | 1, 1, 0)(1 ( | 1))( 6 = = ( 6 = = ( 6 = = 6 ( 6 == = − = = − = = = − =

2 2 1 1 1 1 2 2 1 1 1 1

2 2 1 1 1 1

( | 0, 1, 0)(1 ( | 1)) ( | 1, 0, 1) ( | 0)

( | 0, 0, 1) ( | 0).

( 6 = = 6 ( 6 = ( 6 = = 6 ( 6 =

( 6 = = 6 ( 6 =

+ = = = − = − = = = =
+ = = = =

Of course this last expression muss be different from 0. We can express the effect in terms of

covariances, but the link between the effect and the “classical” instrumental variable estimator

is not as obvious as in the static case in  Imbens and Angrist (1994):

( )
( )

( ) ( )( )
( )

( ) ( )( )
( )

( ) ( )( )
( ) ( )

( )

11,01
2 2 1 1

2 2 1 2 2 1

2 1 2 1 2 1 2 1

2 2 1 2 2 1 1 1 1

2 1 2 1 2 1 1 2 1

( (1) (0))( (1) (0)) 1

cov , | 1 cov , | 0

1| 1 1 1| 1 1| 0 1 1| 0

cov , | 1 cov , | 1, 0 0 | 1

1| 1 1 1| 1 1| 1, 0 1 1|

W W

6 6 6 6

< 6 = = < 6 = =

S = = S = = S = = S = =

6 = = 6 = = 6 S 6 =

S = = S = = S = = 6 S = =

θ − − =

= =
−

= = − = = = = − = =
=

= = = = =
−

= = − = = = = = − = =( )( )
( ) ( )

( ) ( )( )

1

2 2 1 1 1 1

2 1 1 2 1 1

1, 0

cov , | 0, 1 1| 0

1| 0, 1 1 1| 0, 1

6

6 = = 6 S 6 =

S = = 6 S = = 6

 
 = 
 

= = = = − = = = − = = = 

.

Is it possible to identify more effects or other effects with some additional conditions?

Unfortunately, even if we limit the relation between the periods by introducing some sort of

independence the number of identified effects does not increase. First, we explicitly assume

that being a complier in one period is independent of being a complier in the other period:

ASSUMPTION 10: (PERIOD COMPLIER INDEPENDENCE) 1 1 2 2(1) (0) (1) (0)6 6 6 6− −C .

The behavior in the first period has no effect on the behavior in the second period. It is also

possible that a first period complier becomes an always-taker for example and that a “first

period never-taker” becomes a complier. Then, under these assumptions theorem 7 states that
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all the LATE effects for the compliers are identified. The proof  of theorem 7 is given in

appendix A.7.

Theorem 7: UNDER ASSUMPTIONS 8 (SIC-BIS), 9 (TMC) AND 10 (PCI),  ALL LATE –

EFFECTS OF TYPE ,
2 2 1 1(( (1) (0))( (1) (0)) 1)LM NO 6 6 6 6τθ − − = , , , , 1,0L M N O = , ARE

IDENTIFIED.

Theorem 7 only deals with the compliers in both periods. In this case the estimation of the

effects is simplified in the sense that the probability to be a complier in both periods (the

denominator of the estimable form of the effets) is a simpler function of the observables:

[ ][ ]2 2 2 2 1 1 1 1( | 1) ( | 0) ( | 1) ( | 0)( 6 = ( 6 = ( 6 = ( 6 == − = = − = . Nonetheless, its expression in

terms of covariances does not give the “classical” instrumental variables estimates:

             

( )
( ) ( )

( ) ( ) ( ) ( )( )

11,01
2 2 1 1

2 2 1 2 2 1
1 1

2 2 1 1

( (1) (0))( (1) (0)) 1

cov , | 1 cov , | 0
1 1 1

cov , cov ,
W W

6 6 6 6

< 6 = = < 6 = =
S = S =

6 = 6 =

θ − − =

= − =
= = − =

.

It may also be interesting to consider the other subpopulations with a mixed behavior.

Identification is satisfied only for the effects discussed in theorem 6. The results are obtained

under a modified independence assumption:

ASSUMPTION 11: (PERIOD INDEPENDENCE):

 A) 1 1 2 2 2(1) (0) ( ) 0,16 6 6 ] ]− =C .

 B) 2 2 1 1 1(1) (0) ( ) 0,16 6 6 ] ]− =C .

The potential participation indicator of one period is independent of the “complier

participation” indicator of the other period.
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Theorem 8: UNDER ASSUMPTIONS 8 (SIC-BIS), 9 (TMC) AND  11 (PI),  THE

FOLLOWING 8 EFFECTS  ARE IDENTIFIED:

A)� 11,01 11,01
2 1 1 2 1 1( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

B) 11,10 11,10
1 2 2 1 2 2( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

C) 10,00 10,00
2 1 1 2 1 1((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1),6 6 6 6 6 6θ θ− − = − − =

D) 01,00 01,00
1 2 2 1 2 2((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1).6 6 6 6 6 6θ θ− − = − − =

The proof is given in appendix A.8. Theorem 8 establishes the identification of effects of

sequences with a common part: people do the same in the first period for both sequences or

they do the same in the second period for both sequences. These effects are identical to those

identified in section 5, with one exception. The populations for which the effects are

investigated are not based on always-takers and never-takers in one period as in the previous

case. In the period when they do not comply, the individuals are selected on a particular value

of one potential participation indicator (the participation given one of the values of the

regressor). Evidently, those potential indicators are not observed. Thus, although the

sequences compared are the same as those in the multi-period, one-instrument case, the

populations concerned differ. In the one-instrument case the populations are observable in one

period. In the two-instrument case they are not.

Unfortunately, the identification of other possible effects cannot be obtained. Nevertheless,

we can bind these effects, if the outcomes, the potential outcomes and their expectations are

themselves bound. Some of the bounds are informative and some of them are informative

depending on the value of different probabilities (conditional probabilities involving the

realizations of the potential indicators). The results are available upon request.

Both assumptions affecting the interrelations of the periods (10 (PCI) and 11 (PI)) are not

intuitive. It is possible to postulate a stronger assumption which is easier to understand and

will lead to the same results.10 Namely, we can assume strict independence of the periods.

Each period, individuals decide on participation independently of the participation in the other

period. But as stated before, this independence assumption does not improve identification. It

                                                          
10 This new assumption implies the two other ones.
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just simplifies the computation of the probabilities to be in different subpopulations as

presented in the proofs of the theorems.

����� 6HTXHQWLDOLW\

It is more realistic to assume that the participation is decided on at the beginning of each

period, because it is often the case that a participation in a particular program is conditioned

on a previous participation in another particular program (eg. before they participate in a

training program, the trainees should have experienced a job search assistance). We now

consider a sequential process. The participation decision is made on the basis of the observed

past participations. This sequentiality emerges in the independence assumption. For the

second period, independence is fulfilled given the participation and the instrument in the first

period. This framework is still a static framework because the outcomes of the previous

periods (or some other variables related to the outcomes) have no effect on the actual

participation decision.

ASSUMPTION 12: (SEQUENTIAL STATIC INDEPENDENCE CONDITION): 

1 2 1 1, , , ,
W

] ] ] V V∀ % :

a) 2
1 1 2 2 1 1 2 2 1( ( ), ( ), ), ( (0), (1), (0), (1))V6 ] 6 ] < 6 6 6 6 =τ C , 1τ ≥

b) 1 1 2 1 1( (1), (0)) |6 6 = = ]= %C ,

c) 2
2 2 2 2 2 1 1 1 1( ( ), ), ( (0), (1)) | ,V6 ] < 6 6 = 6 V = ]τ = = %C , 2τ ≥ .

The independence condition concerning the first-period instrument remains unchanged. The

second-period instrument has to fulfil two conditions: it has to be independent of the potential

participation in the first period given the instrument in the first period, and it has to be

independent of the potential participation in the second period and of the potential outcomes

(the joint distribution) given the instrument and the realized participation in period one. This

condition is also fulfilled for the joint distribution of the potential participation in the second

period. Although this assumption is more intuitive in the sense that the decisions are made

sequentially, it is neither stronger nor weaker than the static independence condition–bis.

Rather they are equivalent.
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Lemma 1: THE STATIC INDEPENDENCE CONDITION – BIS (SIC-BIS, ASSUMPTION 8) AND THE

SEQUENTIAL STATIC CONDITION (SSIC, ASSUMPTION 12) ARE EQUIVALENT.

The proof is presented in appendix A.9. As the conditions are equivalent, the same effects are

identified under the sequential form of the independence condition as under condition SIC-

BIS as stated in theorem 9.

Theorem 9: UNDER ASSUMPTIONS 12 (SSIC) AND 9 (TMC),

A)  ALL LATE – EFFECTS OF TYPE ,
2 2 1 1(( (1) (0))( (1) (0)) 1)LM NO 6 6 6 6θ − − = , 

, , , 1,0L M N O = , ARE IDENTIFIED.

B) THE FOLLOWING 8 EFFECTS  ARE IDENTIFIED:

B.1) 11,01 11,01
2 1 1 2 1 1( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

B.2) 11,10 11,10
1 2 2 1 2 2( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

B.3) 10,00 10,00
2 1 1 2 1 1((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1),6 6 6 6 6 6θ θ− − = − − =

B.4) 01,00 01,00
1 2 2 1 2 2((1 (0))( (1) (0)) 1), ((1 (0))( (1) (0)) 1).6 6 6 6 6 6θ θ− − = − − =

The proof is direct as identification is already proved under the SIC-BIS assumption. The

expression of the effects in terms of observables has already been presented in the previous

section.

Moreover, assumption 12 (SSIC) implies a testable condition stated in Lemma 2.

LEMMA 2 :   1 2 1|6 = =C .

PROOF : AS 16  IS A FUNCTION OF 1 1( )6 ]  AND 1= , PART B) OF ASSUMPTION SSIC IMPLIES 

THIS RESULT.

This condition is a testable restriction between the observed participation in the first period

and the instrument in the second period. Indeed, the sequentiality in the condition introduces a

cross period relation. To identify the effects, we need to restrict this cross section relation.
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Suppose now, the interactions between the periods are complicated. It seems credible that in

addition to the influence of the realized participation in the first period, the realized outcome

also influences the decision to participate in the second period. For example, if a person is still

unemployed after a certain period of time after the end of the first training program, it is more

likely that she participates in another program. Again, this new hypothesis affects only the

independence assumption. We are not in a static framework anymore, because the

endogenous outcome of the first period (or some functions of it) influences the second period

variables.

Hence, assumption 12, SSIC, must be modified for the second period. Point c) now states that

the independence of the potential outcomes, the potential participation indicators and the

instrument is required given the observable outcome, the observable participation in period

one and the value of the first-period instrument. The part of the potential variables, which is

not explained by the observed variables of period one, should be independent of the second-

period instrument.

ASSUMPTION 13: (DYNAMIC INDEPENDENCE CONDITION):

1 2 1 1, , , , :
W

] ] ] V V∀ %

a) 2
1 1 2 2 1 1 2 2 1( ( ), ( ), ), ( (0), (1), (0), (1))V6 ] 6 ] < 6 6 6 6 =τ C , 1τ ≥

b) 1 1 2 1 1( ) |6 ] = = ]= %C

c) 2
2 2 2 2 2 1 1 1 1 1 1( ( ), ), ( (0), (1)) | , ,V6 ] < 6 6 = < \ 6 V = ]τ = = = %C , 2τ ≥ .

As in the sequential case the monotonicity assumption 9 (two period monotonicity condition)

is still required unchanged. Moreover, Lemma 2 is also valid. The independence condition

presents a new cross period restriction with its dependence on the first-period outcome. Thus,

we need a condition on this interaction as we needed one for the observed participation in the

first period. Nevertheless, a similar result cannot be achieved directly and we need to

explicitly add a testable hypothesis which is presented in assumption 14 below.
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ASSUMPTION 14 :   1 2 1 1| ,< = = 6C .

With this additional assumption there is no loss of identification due to the dynamic nature of

the problem. We can identify the same effects as in the sequential case.

Theorem 10: UNDER ASSUMPTIONS 13 (DIC), 9 (TMC) AND ASSUMPTION 14,

A)  ALL LATE – EFFECTS OF TYPE ,
2 2 1 1(( (1) (0))( (1) (0)) 1)LM NO 6 6 6 6θ − − = , 

, , , 1,0L M N O = , ARE IDENTIFIED.

B) THE FOLLOWING 8 EFFECTS  ARE IDENTIFIED:

B.1) 11,01 11,01
2 1 1 2 1 1( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

B.2) 11,10 11,10
1 2 2 1 2 2( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

B.3) 10,00 10,00
2 1 1 2 1 1((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1),6 6 6 6 6 6θ θ− − = − − =

B.4) 01,00 01,00
1 2 2 1 2 2((1 (0))( (1) (0)) 1), ((1 (0))( (1) (0)) 1).6 6 6 6 6 6θ θ− − = − − =

The proof is given in appendix A.10.

As shown in the different proofs, the effects are functions of some observable conditional

expectations (an example is presented in section 6.1, the estimable form of the effects being

the same in the dynamic case and in the other case). The conditioning events are all the

possible values of the instrument in both periods: 1 2 1 2{( 1, 1), ( 1, 0),= = = == = = =

1 2 1 2( 0, 1), ( 0, 0)}= = = == = = = . When the realizations of the instrument in both periods are

correlated but not perfectly correlated, 1 20 ( ) 1S = =< ≠ < , our results still hold.

The most difficult part in applications is finding the instrument. The dynamic independence

condition and the two period monotonicity condition are not more difficult to fulfil than the

corresponding assumptions in the static case. For example, when investigating the effect of

participating in a training program on the probability to be unemployed, the region of

residence or the labor office which the individuals are assigned to could be good candidates.

They can influence the participation in a training program, but have no influence on the

probability to be unemployed (the outcome). However, two testable conditions exist that the

instrument has to fulfil. Firstly the observed participation and the region of residence in the
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second period must be independent given the region of residence in period one. This rules out

the moving due to a nonparticipation in a program (if the persons know that participation is

easier in another region and this stays the same in the second period, they decide to move to

this new region in the second period). Moreover, the outcome of period one should have no

influence on the region of residence in the second period given the participation and the

region of residence in period one. (The individuals should not move based on the fact that

they have a bad outcome in the first period. It certainly is the most difficult testable

assumption to fulfil as it is often the case that some persons move to another region because

they are still unemployed and the other region seems more attractive.)

����� 5REXVWQHVV

Until now, we made an implicit exclusion restriction when we assumed the potential

participation indicators in the second period to depend only on one instrument, namely the

second one. But is this really necessary? If there is no such restriction, four potential

participation indicators exist in the second period: 2 2 2 2(1,1), (0,1), (1,0), (0,0)6 6 6 6 , where the

first number is the value of the instrument in the first period (or the first instrument) and the

second one the value of the instrument in the second period. Now, it is extremely difficult to

divide the population in the four categories of compliers, defiers, never-takers and always-

takers in the second period. If we treat the instrument as an assignment to a program, its value

in the first period corresponds to the assignment to a program for this period and its value in

the second period corresponds to the assignment for this period. Thus, we can possibly regard

the second-period compliers as those who participate if the instrument is 1 in the second

period and who do not participate if the instrument is 0 in this period (independently of the

value of the instrument in the first period). Another possibility is to look at a sequence of

participations and a sequence of assignments. A complier would be a person who follows her

sequence of assignments in all the periods. For a complier, the following pairs of events have

to be true: 1 2 1 2 1 2( (1) 1, (1,1) 1), ( (0) 0, (0,1) 1), ( (1) 1, (1,0) 0)6 6 6 6 6 6= = = = = =  and

1 2( (0) 0, (0,0) 0).6 6= =

With this new dependence, we need to restate the monotonicity condition.11

                                                          
11 Even if we have a monotonicity property for the first period variables, we do not obtain identification of all the

effects. We do not need such condition for the possible identifications.
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 ASSUMPTION 15: (ONE PERIOD MONOTONICITY CONDITION-II):  

[ ] [ ]2 1 2 1 2 1 2 1( ,1) ( ,0) =1  or ( ,1) ( ,0) =1S 6 ] 6 ] S 6 ] 6 ]≥ ≤ , 1]∀ .

Under this condition and one of the independence conditions previously made (plus

assumption 14 if the independence condition is the dynamic one), only the effects that

compare sequences with the same treatment in the first period are identified, but not for all

subpopulations. The following effects are identified:

         11,10 11,10
1 2 2 1 2 2( (1)( (1,1) (1,0)) 1), ( (0)( (0,1) (0,0)) 1),6 6 6 6 6 6τ τθ θ− = − =

         01,00 01,00
1 2 2 1 2 2((1 (1))( (1,1) (1,0)) 1), ((1 (0))( (0,1) (0,0)) 1).6 6 6 6 6 6τ τθ θ− − = − − =

These results are proved in appendix A.11. It follows that our previous results are not robust

to this change in the relation between the participation indicator in the second period and the

instruments. Thus, the implicit exclusion restriction imposed on this relation is a necessary

condition to obtain identification.

Before coming to the conclusions we present in table 1 a summary of the hypotheses and

results obtained in this work. The last set of results presents only one combination of the

monotonicity condition and an independence assumption, but other combinations are possible.

                          Table 1

���&RQFOXVLRQ

In this article we examine the identifiability of different effects of sequences of programs

using instrumental variables. More than one LATE can be defined. We consider different sets

of assumptions and their implications on the identification of the parameters of interest. In a

one-period framework with more than one program, identification is obtained for

subpopulations defined by a pair-wise participation, i.e. they can only choose between two

programs. Unfortunately, in a multi-period framework we cannot identify all possible effects

even in a case with some independence condition between the periods. Nevertheless, the

effects for individuals who comply each period are identified whatever the assumption set is.

These sets of assumptions principally comprise a monotonicity hypothesis and some

exclusion restrictions. When only one instrument is available in both periods, only few effects

can be identified. These compare sequences which have the same participation in one of the
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two periods. Also, the affected populations are observed in the period with the same

participation in both sequences and these populations comply in the other period. The effects

for such individuals are not identifiable anymore when more than one instrument is available.

Nonetheless, we can identify a lot of other different effects. The introduction of endogeneity

in the dynamic case does not pose any additional problems. All the effects identified without

this endogeneity are also identified with it. This paper covers a part of the problem of

identification of dynamic treatment effects using instrumental variables. The LIV approach of

Heckman and Vytlacil (1999) is not at all discussed and needs also to be translated into a

dynamic context. Moreover, the IV approach allows the identification of more than some

means. In a static framework the distribution (quantiles) of some treatment effects are also

identified. This point is not yet investigated in the dynamic framework. It is also essential to

see some applications which we intend to do this in the near future.
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We need to prove that (1.),(0.)
1 1( (1) (0) 1)6 6τθ − = is a function of observables. In the sample we

can estimate the expectations of the outcome given a value of the instrument in period one.

1 1( | 1)( 6 = =  and 1 1( | 0)( 6 = = are observable as well.

1 1

(1.) (0.) (1.) (0.)
1 1 1 1 1 1

( | 1) ( | 0)

          (1) (1 (1)) | 1 (0) (1 (0)) | 0

( < = ( < =

( 6 < 6 < = ( 6 < 6 < =

τ τ

τ τ τ τ

= − =

   = + − = − + − =   
        

(1.) (0.) (1.) (0.)
1 1 1 1(1) (1 (1)) (0) (1 (0))

6,&

( 6 < 6 < ( 6 < 6 <τ τ τ τ   = + − − + −             

(1.) (0.)
1 1( (1) (0))( )( 6 6 < <τ τ = − − 

[ ]
[ ]

(1.) (0.)
1 1 1 1

(1.) (0.)
1 1 1 1

(1) (0) 1 | (1) (0) 1

(1) (0) 1 | (1) (0) 1

S 6 6 ( < < 6 6

S 6 6 ( < < 6 6

τ τ

τ τ

 = − = − − = 
 − − = − − − = − 

[ ] (1.) (0.)
1 1 1 1(1) (0) 1 | (1) (0) 1

20&

S 6 6 ( < < 6 6τ τ = − = − − =          

{ } (1.) (0.)
1 1 1 1 1 1 1 1( ( ) | 1) ( ( ) | 0) | (1) (0) 1

20&

( 6 = = ( 6 = = ( < < 6 6τ τ = = − = − − = 

Í (1.) (0.) 1 1
1 1

1 1 1 1

( | 1) ( | 0)
| (1) (0) 1

( | 1) ( | 0)

( < = ( < =
( < < 6 6

( 6 = ( 6 =
τ τ

τ τ
= − = − − = =  = − =

.

The effect equals a function of estimable expectations and thus is identified.            q.e.d
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As in the previous proof, we need to prove that { }( .),( .)
1( (1) (0) 1, , )N O

NO NO
6 6 6 N Oτθ − = = is a

function of observables.

{ } { }
{ }

{ }

1 1 1 1

( .) ( .)
1 1

( .) ( .)
1 1

( | 1, , ) ( | 0, , )

          (1) (1 (1)) | 1, ,

                                           (0) (1 (0)) | 0, ,

N O

NO NO

N O

NO NO

( < = 6 N O ( < = 6 N O

( 6 < 6 < = 6 N O

( 6 < 6 < = 6 N O

τ τ

τ τ

τ τ

= = − = =

 = + − = = 
 − + − = = 

% %

% %

        

{ } { }( .) ( .) ( .) ( .)
1 1(1) (1 (1)) | , (0) (1 (0)) | ,N O N O

NO NO NO NO
& 6,&

( 6 < 6 < 6 N O ( 6 < 6 < 6 N Oτ τ τ τ−
   = + − = − + − =   
% % %
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   { }( .) ( .)
1( (1) (0))( ) | ,N O

NO NO
( 6 6 < < 6 N Oτ τ = − − = 

% %

   
{ } { }

{ } { }

( .) ( .)
1 1

( .) ( .)
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% % % %
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( .) ( .)
1
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=
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{ } { }1 1 1 1

1 1 1 1

1 1 1 1 1 1 1 1

( | 1, , ) ( | 0, , )
( | 1) ( | 0)

( | 1) ( | 1) ( | 0) ( | 0)

( < = 6 N O ( < = 6 N O
S 6 N = S 6 N =
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= = = = =−
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The effect equals a function of estimable expectations and probabilities and thus is identified.
q.e.d
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We only prove the theorem for the effect 11,10
1 2 2( 1, (1) (0) 1)6 6 6τθ = − = . The proof for the

second effect, 01,00
1 2 2( 0, (1) (0) 1)6 6 6τθ = − = , follows exactly the same steps with

01 01
1 1 1 2 1 2 1 1 1 1( | 0, ) ( ( ) (1 ( )) | 0, )( < 6 = ] ( 6 ] < 6 ] < 6 = ]τ τ τ= = = + − = = as starting point.

1 1 1 1

11 10 11 10
2 2 1 1 2 2 1 1

( | 1, 1) ( | 1, 0)

          (1) (1 (1)) | 1, 1 (0) (1 (0)) | 1, 0

( < 6 = ( < 6 =

( 6 < 6 < 6 = ( 6 < 6 < 6 =

τ τ

τ τ τ τ

= = − = =

   = + − = = − + − = =   



29

        11 10 11 10
2 2 1 2 2 1(1) (1 (1)) | 1 (0) (1 (0)) | 1

& 6,&

( 6 < 6 < 6 ( 6 < 6 < 6τ τ τ τ−
   = + − = − + − =   

11 10
2 2 1( (1) (0))( ) | 1( 6 6 < < 6τ τ = − − = 

       [ ] 11 10
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& 20&
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We also have:
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= − = = = = − = = = =

                    
[ ] [ ]
[ ] [ ]

2 1 1 2 2 1 1

2 1 1 2 2 1 1

1 0 | 1, 1 (1) 0, (0) 1| 1, 1

1| 1, 0 (1) 0, (0) 1| 1, 0

S 6 6 = S 6 6 6 =

S 6 6 = S 6 6 6 =

= − = = = + = = = =

− = = = + = = = =

    [ ] [ ]2 1 1 2 1 11 0 | 1, 1 1| 1, 0
& 20&

S 6 6 = S 6 6 =
−
= − = = = − = = =

          [ ] [ ]2 1 1 2 1 11| 1, 1 1| 1, 0S 6 6 = S 6 6 == = = = − = = = .
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τ τ
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.  q.e.d
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Similarly we only prove the theorem for one effect, 11,01
2 1 1( 1, (1) (0) 1)6 6 6τθ = − = , the

identification of the other effect following the same scheme.

2 1 2 1

11 01 11 01
1 1 2 1 1 1 2 1
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τ τ τ τ
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11 01
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.

q.e.d
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A) We only prove that 11,10
1 2 2( 1, (1) (0) 1)6 6 6τθ = − =  is identified.

1 1

11 10 11 10
1 2 1 2 1 2 1 2

( |, 1) ( |, 0)
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τ τ τ τ
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11 10
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6 6
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  [ ]11 10
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20&
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   [ ]11 10
1 2 2 2 1 1 1| 1, (1) (0) 1 (1) (0) 1| 1 ( 1)( < < 6 6 6 S 6 6 6 S 6τ τ = − = − = − = = =  .

The end of the proof is similar to the end of the previous theorems.

B) The proof is identical to the one of point A) with the periods reversed and thus is not
      presented.

$����3URRI�RI�WKHRUHP���

To simplify the proof of this theorem and the following ones we present intermediate results
in lemma A1.
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• Lemma A1: under Assumption SIC-bis, the following equalities hold

(0.1) [ ] [ ] 11 01
2 1 2 2 1 2 2 1 1| 1, 1 | 0, 1 (1)( (1) (0))( )( < 6 = = ( < 6 = = ( 6 6 6 < <τ τ τ τ = = − = = = − − 
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(0.5) 
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11 01 01
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| 1, 0 | 0, 1
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Similar results are available for the conditional expectations of 1< 6τ , 1(1 )< 6τ − , 2(1 )< 6τ − and

<τ . They are not presented here but are available upon request.

PROOF: AS DEFINED IN ABADIE �������3522)�2)�/(00$�������$668037,21�6,&�%,6�
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L
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We will prove the identification of only one effect of theorem 6. The proofs for the

identification of the other five effects follow exactly the same steps using different

combinations of the results of lemma A1 as starting point.

 To identify the effect 11,00
2 2 1 1(( (1) (0))( (1) (0)) 1)6 6 6 6θ − − = , substracting the sum of  (0.2)

and [ ] [ ]1 1 2 1 1 2(1 ) | 1, 1 (1 ) | 1, 0( < 6 = = ( < 6 = =τ τ− = = − − = =  from the sum of (0.1)

and [ ] [ ]1 1 2 1 1 2(1 ) | 0, 1 (1 ) | 0, 0( < 6 = = ( < 6 = =τ τ− = = − − = =  , we get:
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It remains to be proved that [ ]2 2 1 1( (1) (0))( (1) (0)) 1S 6 6 6 6− − =  is observable. We do it only

for the complier probability of the effects in A). The proof for the other probabilities is similar

and will be presented in detail in the proof of theorem 10 (in this case, it is a little more

complicated due to the dynamic relation but the steps are similar).

[ ] [ ]
[ ] [ ]
[ ]

2 2 2 2 1 1

2 2 1 1 1 1

2 2 1 1 1

(1) (0) 1 ( (1) (0))( (1) (0)) 1

                                    ( (1) (0)) 1| (1) (0) 1 (1) (0) 1

                                    ( (1) (0)) 1| (1) (0) 0 (1

70&

S 6 6 S 6 6 6 6

S 6 6 6 6 S 6 6

S 6 6 6 6 S 6
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S 6 6 6 6 S 6 6

S 6 6 6 6 S 6 6

S 6 6 6 6 S 6 6
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− − = = = =[ ]1(0) 0=

So we have to prove that each of the terms on the right hand side of the equation is

observable.

a) [ ] [ ] [ ]2 2 2 2 2 2(1) (0) 1 1 (1) (0) 0 (1) (0) 1
70&

S 6 6 S 6 6 S 6 6− = = − = = − = =

       [ ] [ ]2 2 2 2 2 21 (1) (0) 0 | 1 (1) (0) 1| 0
6,& ELV

S 6 6 = S 6 6 =
−
= − = = = − = = =
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       [ ] [ ]2 2 2 2 1 0 | 1 1| 0
70&

S 6 = S 6 == − = = − = =

       [ ] [ ]2 2 2 2 1| 1 1| 0S 6 = S 6 == = = − = =

Í     [ ] [ ] [ ]2 2 2 2 2 2(1) (0) 1  | 1 | 0S 6 6 ( 6 = ( 6 =− = = = − = .
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− = = = =

   
[ ] [ ]

[ ]
2 2 1 1 2 2 2 1 1

2 2 2 1 1

(1) (0) 1| 1, 0 1 (1) (0) 0 | 1, 1, 0

                                                               (1) (0) 1| 0, 1, 0
6,& ELV70&

S 6 6 6 = S 6 6 = 6 =

S 6 6 = 6 =
−

⇔ − = = = = − = = = = =

− = = = = =

                             [ ] [ ]2 2 1 1 2 2 1 11 0 | 1, 1, 0 1| 0, 1, 0
&

S 6 = 6 = S 6 = 6 == − = = = = − = = = =

                   [ ] [ ]2 2 1 1 2 2 1 11| 1, 1, 0 1| 0, 1, 0S 6 = 6 = S 6 = 6 == = = = = − = = = =

                   [ ] [ ]2 2 1 1 2 2 1 1| 1, 1, 0 | 0, 1, 0( 6 = 6 = ( 6 = 6 == = = = − = = =

thus    
[ ]

[ ] [ ]
2 2 1 1

2 2 1 1 2 2 1 1

(1) (0) 1| (1) 1, (0) 1

                           | 1, 1, 0 | 0, 1, 0 .

S 6 6 6 6

( 6 = 6 = ( 6 = 6 =

− = = =

= = = = − = = =

c)  Following the proof in b), we get:

     
[ ] [ ]

[ ]
2 2 1 1 2 2 1 1

2 2 1 1

(1) (0) 1| (1) 0, (0) 0 | 1, 0, 1

| 0, 0, 1 .

S 6 6 6 6 ( 6 = 6 =

( 6 = 6 =

− = = = = = = =

− = = =

d) [ ] [ ] [ ] [ ]1 1 1 1 1 1 1 1 1(1) (0) 1 (1) (0) 1| 0 1| 0 | 0 .
6,& ELV &

S 6 6 S 6 6 = S 6 = ( 6 =
−

= = = = = = = = = = =

e) [ ] [ ] [ ] [ ]1 1 1 1 1 1 1 1 1(1) (0) 0 (1) (0) 0 | 1 0 | 1 1 | 1 .
6,& ELV 70&

S 6 6 S 6 6 = S 6 = ( 6 =
−

= = = = = = = = = = − =

All the expectations are observable in the sample, therefore our effect is identified.
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$����3URRI�RI�WKHRUHP���

The only difference from the previous proof or the only part where the independence

assumption plays a role is in the proof of the observability of the probability to be a complier

in both periods.

[ ] [ ] [ ]2 2 1 1 2 2 1 1, ( (1) (0))( (1) (0)) 1 ( (1) (0)) 1 ( (1) (0)) 13&, 70& S 6 6 6 6 S 6 6 S 6 6⇒ − − = = − = − =

thus following the proof of theorem 3 for each probability, we have :

[ ] [ ]
{ }{ }

[ ]

11 00
2 2 1 1

2 1 1 2 2 1 1 2

2 2 2 2 1 1 1 1

2 1 1 2

| ( (1) (0))( (1) (0)) 1

( 1) | 1, 1 ( 1) | 0, 1
           

( | 1) ( | 0) ( | 1) ( | 0)

( 1) | 1, 0
                                 

( < < 6 6 6 6

( < 6 6 = = ( < 6 6 = =

( 6 = ( 6 = ( 6 = ( 6 =

( < 6 6 = = (

τ τ

τ τ

τ

 − − − = 
+ − = = − + − = =

=
= − = = − =

− + − = = + [ ]
{ }{ }

2 1 1 2

2 2 2 2 1 1 1 1

( 1) | 0, 0
.

( | 1) ( | 0) ( | 1) ( | 0)

< 6 6 = =

( 6 = ( 6 = ( 6 = ( 6 =
τ + − = =

= − = = − =

q.e.d.

$����3URRI�RI�WKHRUHP���

As for theorem 6, we only present the proof of point A) of theorem 8. The identification of

points B), C) and D) is proved exactly in the same way. The proof is based on the result of

LEMMA A1.

A.1) The starting point is equation (0.1)

 [ ] [ ]11 01
2 1 1 2 1 2 2 1 2(1)( (1) (0))( ) | 1, 1 | 0, 1( 6 6 6 < < ( < 6 = = ( < 6 = =τ τ τ τ − − = = = − = = 

70&

⇒  
[ ] [ ]

[ ]
2 1 2 2 1 211 01

2 1 1
2 1 1

| 1, 1 | 0, 1
| (1)( (1) (0)) 1

(1)( (1) (0)) 1

( < 6 = = ( < 6 = =
( < < 6 6 6

S 6 6 6
τ τ

τ τ
= = − = =

 − − = =  − =

3,

⇒  
[ ] [ ]

[ ] [ ]
2 1 2 2 1 211 01

2 1 1
2 1 1

| 1, 1 | 0, 1
| (1)( (1) (0)) 1

(1) 1 ( (1) (0)) 1

( < 6 = = ( < 6 = =
( < < 6 6 6

S 6 S 6 6
τ τ

τ τ
= = − = =

 − − = =  = − =

70&

⇒  
[ ] [ ]
[ ] [ ] [ ]{ }

2 1 2 2 1 211 01
2 1 1

2 2 1 1 1 1

| 1, 1 | 0, 1
| (1)( (1) (0)) 1 .

| 1 | 1 | 0

( < 6 = = ( < 6 = =
( < < 6 6 6

( 6 = ( 6 = ( 6 =
τ τ

τ τ
= = − = =

 − − = =  = = − =

All  expectations on the right hand side of the equality are estimable in the sample.
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A.2) The starting point is equation (0.2):

 [ ] [ ]11 01
2 1 1 2 1 2 2 1 2(0)( (1) (0))( ) | 1, 0 | 0, 0( 6 6 6 < < ( < 6 = = ( < 6 = =τ τ τ τ − − = = = − = =  ,

and then the proof ends in the same way as the previous point.

$����3URRI�RI�OHPPD��

We prove that the assumptions SSIC and SIC-Bis are equivalent.

First, we prove that SSIC implies SIC-Bis:

It holds that for three random variables , ,$ % & , ( , )  and |$ % & $ & % & $⇔C C C . Thus

given that if  1 1= ]=  then 1 1 1( )6 6 ]= , b) and c) with 1 1( )6 ] $=  and 2= &=  imply that

2
1 1 2 2 1 1 2 2 2 1 1( ( ), ( ), ), ( (1), (0), (0), (1)) |V6 ] 6 ] < 6 6 6 6 = = ]τ =% %C . For the same reason this result and

a) imply that 2
1 1 2 2 1 1 2 2 2 1( ( ), ( ), ), ( (1), (0), (0), (1)) ( , )V6 ] 6 ] < 6 6 6 6 = =τ% C . We can repeat the same

steps with 1]  instead of 1]%  as value of the conditioning variable 1= . We get

2
1 1 2 2 1 1 2 2 2 1( ( ), ( ), ), ( (1), (0), (0), (1)) ( , )V6 ] 6 ] < 6 6 6 6 = =τ C  and this proves the first equivalence.

Second, we prove that SIC-Bis implies SSIC:

2
1 1 2 2 1 1 2 2 1 2( ( ), ( ), ), ( (0), (1), (0), (1)) ( , )V6 ] 6 ] < 6 6 6 6 = =τ C

  Í 
2

2

1 1 2 2 1 1 2 2 1

1 1 2 2 1 1 2 2 2 1 1

( ( ), ( ), ), ( (0), (1), (0), (1))

( ( ), ( ), ), ( (0), (1), (0), (1)) |

V

V

6 ] 6 ] < 6 6 6 6 =

6 ] 6 ] < 6 6 6 6 = = ]
τ

τ


 =

C
C

Then 2
1 1 2 2 1 1 2 2 2 1 1( ( ), ( ), ), ( (0), (1), (0), (1)) |V6 ] 6 ] < 6 6 6 6 = = ]τ =C

 Í 
2

2 2 2 1 1 1 1

1 1 2 1 1

( ( ), ) | , ( )

( ) | ,

V6 ] < = = ] 6 ]

6 ] = = ]
τ =

 =

C
C

Í 2
2 2 2 1 1 1 1( ( ), ) | ,V6 ] < = = ] 6 Vτ = =C .

The same arguments for the joint distribution of the potential participation indicators give part

b) of SSIC.
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$�����3URRI�RI�WKHRUHP����

If the relations of Lemma A1 are still identified under DIC, the identification of the effects of

interest is guaranteed. Thus, we just prove that the first relation of Lemma A1 is valid under

the dynamic independence assumption.

[ ] [ ]2 1 2 2 1 2

11 01
1 2 1 2 1 2

11 01
1 2 1 2 1 2

| 1, 1 | 0, 1

(1) (1) (1 (1)) (1) | 1, 1

(0) (1) (1 (0)) (1) | 0, 1

( < 6 = = ( < 6 = =

( 6 6 < 6 6 < = =

( 6 6 < 6 6 < = =

τ τ

τ τ

τ τ

= = − = =

 = + − = = 
 − + − = = 

{ }
{ }

1 1 1 2

1 1 1 2

11 01
1 2 1 2 1 2 1 1 1 2

, | ,

11 01
1 2 1 2 1 2 1 1 1 2

, | ,

(1) (1) (1 (1)) (1) | 1, 1, , | 1, 1

(0) (1) (1 (0)) (1) | 0, 1, , | 0, 1

< 6 = =

< 6 = =

( ( 6 6 < 6 6 < = = < 6 = =

( ( 6 6 < 6 6 < = = < 6 = =

τ τ

τ τ

 = + − = = = = 

 − + − = = = = 

{ }
{ }

1 1 1 2

1 1 1 2

11 01
1 2 1 2 1 1 1 1 2

, | , 

11 01
1 2 1 2 1 1 1 1 2

, | ,

(1) (1) (1 (1)) (1) | 1, , | 1, 1

(0) (1) (1 (0)) (1) | 0, , | 0, 1

< 6 = =
',&

< 6 = =

( ( 6 6 < 6 6 < = < 6 = =

( ( 6 6 < 6 6 < = < 6 = =

τ τ

τ τ

 + − = = = 

 − + − = = = 

=

       

{ }

{ }
1 1 1 1 1

1 1 1 1 1

11 01
1 2 1 2 1 1 1 1 1| | ,

1
14 

11 01
1 2 1 2 1 1 1 1 1

| | ,

(1) (1) (1 (1)) (1) | 1, , | 1,

(0) (1) (1 (0)) (1) | 0, , | 0,

6 = < = 6
/HPPD DQG
DVVXPSWLRQ

6 = < = 6

( ( ( 6 6 < 6 6 < = 6 < = 6

( ( ( 6 6 < 6 6 < = 6 < = 6

τ τ

τ τ

 + − = = 

 − + − = = 

=

11 01
1 2 1 2 1

11 01
1 2 1 2 1

(1) (1) (1 (1)) (1) | 1

(0) (1) (1 (0)) (1) | 0

( 6 6 < 6 6 < =

( 6 6 < 6 6 < =

τ τ

τ τ

 = + − = 
 − + − = 

11 01 11 01
1 2 1 2 1 2 1 2(1) (1) (1 (1)) (1) (0) (1) (1 (0)) (1)

',&

( 6 6 < 6 6 < ( 6 6 < 6 6 <τ τ τ τ   + − − + −   =

11 01
1 1 2 1 1 2( (1) (0)) (1) ( (1) (0)) (1)( 6 6 6 < 6 6 6 <τ τ = − − − 

which proves that the first equation of lemma A1 is still valid.

For the effects in A) the last step consists of showing that [ ]2 2 1 1( (1) (0))( (1) (0)) 1S 6 6 6 6− − =

is observable. We have :

[ ] [ ]
[ ] [ ]
[ ]

2 2 2 2 1 1

2 2 1 1 1 1

2 2 1 1 1

(1) (0) 1 ( (1) (0))( (1) (0)) 1

                                    ( (1) (0)) 1| (1) (0) 1 (1) (0) 1

                                    ( (1) (0)) 1| (1) (0) 0 (1

70&

S 6 6 S 6 6 6 6

S 6 6 6 6 S 6 6

S 6 6 6 6 S 6

− = = − − =

+ − = = = = =

+ − = = = [ ]1) (0) 06= =
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Í

[ ] [ ]
[ ] [ ]
[ ]

2 2 1 1 2 2

2 2 1 1 1 1

2 2 1 1 1

( (1) (0))( (1) (0)) 1 (1) (0) 1

                                    ( (1) (0)) 1| (1) (0) 1 (1) (0) 1

                                    ( (1) (0)) 1| (1) (0) 0 (1)

S 6 6 6 6 S 6 6

S 6 6 6 6 S 6 6

S 6 6 6 6 S 6 6

− − = = − =

− − = = = = =

− − = = = =[ ]1(0) 0=

So we have to prove that each of the terms on the right hand side of the equation is

observable.

a) [ ] [ ] [ ]2 2 2 2 2 2(1) (0) 1 1 (1) (0) 0 (1) (0) 1
70&

S 6 6 S 6 6 S 6 6− = = − = = − = =

     [ ] [ ]2 2 1 2 2 11 (1) (0) 0 | 1 (1) (0) 1| 1
',&

S 6 6 = S 6 6 == − = = = − = = =

      [ ] [ ]
1 1 1 1 1 1

2 2 1 1 1 2 2 1 1 1
, | 1 , | 0

1 (1) (0) 0 | , , 1 (1) (0) 1| , , 1
< 6 = < 6 =

( S 6 6 < 6 = ( S 6 6 < 6 =
= =

   = − = = = − = = =   

      
[ ]

[ ]
1 1 1

1 1 1

2 2 1 1 1 2
, | 1

2 2 1 1 1 2, | 0

1 (1) (0) 0 | , , 1, 1

                                    (1) (0) 1| , , 1, 0

',& < 6 =

< 6 =

( S 6 6 < 6 = =

( S 6 6 < 6 = =

=

=

 = − = = = = 

 − = = = = 

     [ ] [ ]2 2 2 1 2 2 2 1
1

.14

 1 (1) (0) 0 | 1, 1 (1) (0) 1| 0, 1
/HPPD

$VV

S 6 6 = = S 6 6 = == − = = = = − = = = =

       [ ] [ ]2 2 1 2 2 1 1 0 | 1, 1 1| 0, 1
70&

S 6 = = S 6 = == − = = = − = = =

       [ ] [ ]2 2 1 2 2 1 1| 1, 1 1| 0, 1S 6 = = S 6 = == = = = − = = =

Í     [ ] [ ] [ ]2 2 2 2 1 2 2 1(1) (0) 1  | 1, 1 | 0, 1S 6 6 ( 6 = = ( 6 = =− = = = = − = = .

b) [ ] [ ]2 2 1 1 2 2 1 1 1(1) (0) 1| (1) (0) 1 (1) (0) 1| (1) (0) 1, 0 ,
',&

S 6 6 6 6 S 6 6 6 6 =− = = = = − = = = =

    
[ ] [ ]

[ ]
2 2 1 1 1 2 2 1 1

2 2 1 1

(1) (0) 1| (1) (0) 1, 0 1 (1) (0) 0 | 1, 0

                                                                        (1) (0) 1| 1, 0
70&

S 6 6 6 6 = S 6 6 6 =

S 6 6 6 =

− = = = = = − = = = =

− = = = =

  
[ ] [ ]

[ ]
1 1 1

1 1 1

2 2 1 1 2 2 2 1 1 1
| ,

2 2 2 1 1 1
| ,

(1) (0) 1| 1, 0 1 (1) (0) 0 | 1, , 1, 0

                                                               (1) (0) 1| 0, , 1, 0

',& < 6 =70&

< 6 =

S 6 6 6 = ( S 6 6 = < 6 =

( S 6 6 = < 6 =

⇔ − = = = = − = = = = =

− = = = = =
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                             [ ] [ ]2 2 1 1 2 2 1 1

.14

1 0 | 1, 1, 0 1| 0, 1, 0
70&

$VV

S 6 = 6 = S 6 = 6 == − = = = = − = = = =

                   [ ] [ ]2 2 1 1 2 2 1 11| 1, 1, 0 1| 0, 1, 0S 6 = 6 = S 6 = 6 == = = = = − = = = =

                   [ ] [ ]2 2 1 1 2 2 1 1| 1, 1, 0 | 0, 1, 0( 6 = 6 = ( 6 = 6 == = = = − = = =

thus    
[ ]

[ ] [ ]
2 2 1 1

2 2 1 1 2 2 1 1

(1) (0) 1| (1) 1, (0) 1

                           | 1, 1, 0 | 0, 1, 0 .

S 6 6 6 6

( 6 = 6 = ( 6 = 6 =

− = = =

= = = = − = = =

c)  Following the proof in b), we get:

     
[ ] [ ]

[ ]
2 2 1 1 2 2 1 1

2 2 1 1

(1) (0) 1| (1) 0, (0) 0 | 1, 0, 1

| 0, 0, 1 .

S 6 6 6 6 ( 6 = 6 =

( 6 = 6 =

− = = = = = = =

− = = =

d) [ ] [ ] [ ] [ ]1 1 1 1 1 1 1 1 1(1) (0) 1 (1) (0) 1| 0 1| 0 | 0 .
',& 70&

S 6 6 S 6 6 = S 6 = ( 6 == = = = = = = = = = =

e) [ ] [ ] [ ] [ ]1 1 1 1 1 1 1 1 1(1) (0) 0 (1) (0) 0 | 1 0 | 1 1 | 1 .
',& 70&

S 6 6 S 6 6 = S 6 = ( 6 == = = = = = = = = = − =

All the expectations are observable in the sample, therefore our effect is identified.

For the effects in B) the last step consists in showing that [ ]2 1 1(1)( (1) (0)) 1S 6 6 6− =  is

identified.

[ ] [ ] [ ]
[ ]

2 1 1 2 2 1 1

2 1 1

(1)( (1) (0)) 1 (1) 1 (1) 1, (1) (0) 1

                                                                         (1) 1, (1) (0) 0

S 6 6 6 S 6 S 6 6 6

S 6 6 6

− = = = − = = =

− = = =

a) [ ] [ ]2 2 1 1(1) 1 (1) 1|
',&

S 6 S 6 = ]= = = =

                       [ ]
1 1 1 1

2 1 1 1 1
, |

(1) 1| , ,
< 6 = ]

( S 6 < = ] 6
=

 = = = 

           [ ]
1 1 1 1

2 1 1 1 1 2
, |

(1) 1| , , , 1
',& < 6 = ]

( S 6 = ] < 6 =
=

 = = = = 

          [ ]2 1 1 2
1

.14

(1) 1| , 1
/HPPD

$VV

S 6 = ] == = = =
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             [ ] [ ]2 1 1 2 2 1 1 21| , 1 | , 1 .S 6 = ] = ( 6 = ] == = = = = = =

b) [ ] [ ] [ ]2 1 1 2 1 1 1 1(1) 1, (1) (0) 1 (1) 1| (1) (0) 1 (1) (0) 1S 6 6 6 S 6 6 6 S 6 6= = = = = = = = =

                          [ ] [ ]2 1 1 1 1 1 1(1) 1| (1) (0) 1, 0 (1) (0) 1| 0
',&

S 6 6 6 = S 6 6 == = = = = = = =

                          [ ] [ ]2 2 1 1 1 1( ) 1| 1, 0 1| 0
&

S 6 ] 6 = S 6 == = = = = =

                          [ ] [ ]
1 1 1

2 2 1 1 1 1 1
| ,

(1) 1| 1, , 1, 0 | 0
',& < 6 =

( S 6 = < 6 = ( 6 == = = = = =

            [ ] [ ]2 2 1 1 1 1.14
1| 1, 1, 0 | 0

$VV

S 6 = 6 = ( 6 == = = = = =

   [ ] [ ]2 2 1 1 1 1| 1, 1, 0 | 0( 6 = 6 = ( 6 == = = = = .

c) [ ] [ ] [ ]2 1 1 2 1 1 1 1(1) 1, (1) (0) 0 (1) 1| (1) (0) 0 (1) (0) 0S 6 6 6 S 6 6 6 S 6 6= = = = = = = = =

                          [ ] [ ]2 1 1 1 1 1 1(1) 1| (1) (0) 0, 1 (1) (0) 0 | 1
',&

S 6 6 6 = S 6 6 == = = = = = = =

                          [ ] [ ]2 1 1 1 1(1) 1| 0, 1 0 | 1
70&

S 6 6 = S 6 == = = = = =

                          [ ] ( )
1 1 1

2 2 1 1 1 1 1
| ,

(1) 1| 1, , 0, 1 1 | 1
',& < 6 =

( S 6 = < 6 = ( 6 == = = = = − =  

            [ ] ( )2 2 1 1 1 1
.14

1| 1, 0, 1 1 | 1
$VV

S 6 = 6 = ( 6 == = = = = − =  

   [ ] ( )2 2 1 1 1 1| 1, 0, 1 1 | 1( 6 = 6 = ( 6 == = = = − =   .                    q.e.d.

$�����3URRI�RI�WKH�UHVXOWV�RI�VHFWLRQ�����

We only prove the result for the first effect under the static independence condition (SIC–

BIS). Using the other independence conditions leads to the same structure for the proof,

except the additional use of 
1 1|

(.)
6 =

(  and 
1 1 2 1| , ,

(.)
< = = 6

( . The identification of the other effects is

proved in the same way replacing 16  by 11 6−  or replacing 1 1= =  by 1 0= =  or both.
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1 1 2 1 1 2

11 10
1 2 1 2 1 2

11 10
1 2 1 2 1 2

( | 1, 1) ( | 1, 0)

( (1) (1,1) (1)(1 (1,1)) | 1, 1)

( (1) (1,0) (1)(1 (1,0)) | 1, 0)

( < 6 = = ( < 6 = =

( 6 6 < 6 6 < = =

( 6 6 < 6 6 < = =

τ τ

τ τ

τ τ

= = − = =

= + − = =

− + − = =

    11 10 11 10
1 2 1 2 1 2 1 2( (1) (1,1) (1)(1 (1,1)) (1) (1,0) (1)(1 (1,0)) )

6,& %,6

( 6 6 < 6 6 < 6 6 < 6 6 <τ τ τ τ−
= + − − − −

       11 10
1 2 2( (1)( (1,1) (1,0))( ))( 6 6 6 < <τ τ= − −

    11 10
1 2 2 1 2 2( | (1)( (1,1) (1,0)) 1) ( (1)( (1,1) (1,0)) 1)

20& ,,

( < < 6 6 6 S 6 6 6τ τ−
= − − = − =

Í 11 10 1 1 2 1 1 2
1 2 2

1 2 2

( | 1, 1) ( | 1, 0)
( | (1)( (1,1) (1,0)) 1)

( (1)( (1,1) (1,0)) 1)

( < 6 = = ( < 6 = =
( < < 6 6 6

S 6 6 6
τ τ

τ τ
= = − = =− − = =

− =
.

The identification of the denominator has already been proved in the other theorems. We just

have to replace the monotonicity condition used by the OMC-II.
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Table 1: Summary of Assumptions and identified effects

$VVXPSWLRQV��,��LQGHSHQGHQFH��0��PRQRWRQLFLW\��$��DGGLWLRQDO� (IIHFWV�LGHQWLILHG
I: 1 1 1 1( ( ), ), ( (1), (0))W

V

W
6 ] < 6 6 =τ C , 

1 1 1 1 1 1 1 1: ( ) ( ) =1 or ( ) ( ) =10 S 6 ] 6 ] S 6 ] 6 ]   
      

′ ′≥ ≤
(1.),(0.)

1 1( (1) (0) 1)6 6τθ − =

I: { }1 1 1( ( ), , ), ( (1), (0)) | ,N O

NO NO NO
6 ] < < 6 6 = 6 N Oτ τ =% % % C

{ } { }’ ’
1 1 1 1 1 1: ( ) ( ) | = k,l =1 or p ( ) ( ) | = k,l 1

NO NO NO NO
0 S 6 ] 6 ] 6 6 ] 6 ] 6   

   ≥ ≤ =% % % %
{ }( .),( .)

1( (1) (0) 1, , )N O

NO NO
6 6 6 N Oτθ − = =% %

I: 2
’ ’

’
1 1 1 1( ( ), ), ( ( ), ( )) |V

W W W W W
6 ] < 6 ] 6 ] = 6 Vτ =C

’ ’
1 1 12 2 1 1 2 1 2 1 1: ( ) ( ) | = =1 or ( ) ( ) | = 10 S 6 ] 6 ] 6 V S 6 ] 6 ] 6 V      ≥ ≤ =

11,10
1 2 2( 1, (1) (0) 1)6 6 6τθ = − = 01,00

1 2 2( 0, (1) (0) 1)6 6 6τθ = − =

I: 2
’ ’

’
1 1 1 1( ( ), ), ( ( ), ( )) |V

W W W W W
6 ] < 6 ] 6 ] = 6 Vτ =C

’ ’
1 1 11 1 2 2 1 1 1 2 2: ( ) ( ) | = =1 or ( ) ( ) | = 10 S 6 ] 6 ] 6 V S 6 ] 6 ] 6 V      ≥ ≤ =

11,01
2 1 1( 1, (1) (0) 1)6 6 6τθ = − = 10,00

2 1 1( 0, (1) (0) 1)6 6 6τθ = − =

I: 2
1 1 2 1 1 1 2 2 1( ( ), ( ), ), ( (0), (1), (0), (1))V6 ] 6 ] < 6 6 6 6 =τ C ,     A: [ ]1 1(1) (0) 1S 6 6= =

2 1 2 1 2 1 2 1: ( ) ( ) =1 or ( ) ( ) =10 S 6 ] 6 ] S 6 ] 6 ]   
      

′ ′≥ ≤

11,10
1 2 2( 1, (1) (0) 1)6 6 6τθ = − = 01,00

1 2 2( 0, (1) (0) 1)6 6 6τθ = − =

I: 2
1 1 2 1 1 1 2 2 1( ( ), ( ), ), ( (0), (1), (0), (1))V6 ] 6 ] < 6 6 6 6 =τ C ,  A: [ ]2 2(1) (0) 1S 6 6= =

1 1 1 1 1 1 1 1: ( ) ( ) =1 or ( ) ( ) =10 S 6 ] 6 ] S 6 ] 6 ]   
      

′ ′≥ ≤

11,01
2 1 1( 1, (1) (0) 1)6 6 6τθ = − = 10,00

2 1 1( 0, (1) (0) 1)6 6 6τθ = − =

I: 2
1 1 2 2 1 1 2 2 1 2( ( ), ( ), ), ( (0), (1), (0), (1)) ( , )V6 ] 6 ] < 6 6 6 6 = =τ C

M: [ ] [ ]1 1 1 1(1) (0) =1or (1) (0) =1S 6 6 S 6 6≥ ≤ , [ ] [ ]2 2 2 2(1) (0) =1 or (1) (0) =1S 6 6 S 6 6≥ ≤ ,

[ ] [ ]1 1 2 2 1 1 2 2(1) (0), (1) (0) =1 or (1) (0), (1) (0) =1,S 6 6 6 6 S 6 6 6 6≥ ≥ ≤ ≥
[ ] [ ]1 1 2 2 1 1 2 2or (1) (0), (1) (0) =1or (1) (0), (1) (0) =1S 6 6 6 6 S 6 6 6 6≥ ≤ ≤ ≤

,
2 2 1 1(( (1) (0))( (1) (0)) 1)LM NO 6 6 6 6θ − − =

11,01 11,01
2 1 1 2 1 1( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

11,10 11,10
1 2 2 1 2 2( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

10,00 10,00
2 1 1 2 1 1((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1),6 6 6 6 6 6θ θ− − = − − =

01,00 01,00
1 2 2 1 2 2((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1).6 6 6 6 6 6θ θ− − = − − =
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I: 2

1 1 2 2 1 1 2 2 1 2( ( ), ( ), ),( (0), (1), (0), (1)) ( , )V6 ] 6 ] < 6 6 6 6 = =τ C

M: [ ] [ ]1 1 1 1(1) (0) =1or (1) (0) =1S 6 6 S 6 6≥ ≤ , [ ] [ ]2 2 2 2(1) (0) =1 or (1) (0) =1S 6 6 S 6 6≥ ≤
[ ] [ ]1 1 2 2 1 1 2 2(1) (0), (1) (0) =1 or (1) (0), (1) (0) =1,S 6 6 6 6 S 6 6 6 6≥ ≥ ≤ ≥

[ ] [ ]1 1 2 2 1 1 2 2or (1) (0), (1) (0) =1or (1) (0), (1) (0) =1S 6 6 6 6 S 6 6 6 6≥ ≤ ≤ ≤ ,

 A: 1 1 2 2(1) (0) (1) (0)6 6 6 6− −C

,
2 2 1 1(( (1) (0))( (1) (0)) 1)LM NO 6 6 6 6τθ − − =

I: 2
1 1 2 2 1 1 2 2 1 2( ( ), ( ), ), ( (0), (1), (0), (1)) ( , )V6 ] 6 ] < 6 6 6 6 = =τ C

M: [ ] [ ]1 1 1 1(1) (0) =1or (1) (0) =1S 6 6 S 6 6≥ ≤ [ ] [ ]2 2 2 2(1) (0) =1 or (1) (0) =1S 6 6 S 6 6≥ ≤
[ ] [ ]1 1 2 2 1 1 2 2(1) (0), (1) (0) =1 or (1) (0), (1) (0) =1,S 6 6 6 6 S 6 6 6 6≥ ≥ ≤ ≥

[ ] [ ]1 1 2 2 1 1 2 2or (1) (0), (1) (0) =1or (1) (0), (1) (0) =1S 6 6 6 6 S 6 6 6 6≥ ≤ ≤ ≤
A: 1 1 2 2 2(1) (0) ( ) 0,16 6 6 ] ]− =C ,  2 2 1 1 1(1) (0) ( ) 0,16 6 6 ] ]− =C

11,01
2 1 1

11,01
2 1 1

( (0)( (1) (0)) 1),

( (1)( (1) (0)) 1),

6 6 6

6 6 6

θ
θ

− =

− =

11,10
1 2 2

11,10
1 2 2

( (0)( (1) (0)) 1),

( (1)( (1) (0)) 1),

6 6 6

6 6 6

θ
θ

− =

− =
10,00 10,00

2 1 1 2 1 1((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1),6 6 6 6 6 6θ θ− − = − − =
01,00 01,00

1 2 2 1 2 2((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1).6 6 6 6 6 6θ θ− − = − − =

I: 2
1 1 2 2 1 1 2 2 1( ( ), ( ), ), ( (0), (1), (0), (1))V6 ] 6 ] < 6 6 6 6 =τ C

1 1 2 1 1( (1), (0)) |6 6 = = ]= %C 2
2 2 2 2 2 1 1 1 1( ( ), ), ( (0), (1)) | ,V6 ] < 6 6 = 6 V = ]τ = = %C

M: [ ] [ ]1 1 1 1(1) (0) =1or (1) (0) =1S 6 6 S 6 6≥ ≤ , [ ] [ ]2 2 2 2(1) (0) =1 or (1) (0) =1S 6 6 S 6 6≥ ≤ ,

[ ] [ ]1 1 2 2 1 1 2 2(1) (0), (1) (0) =1 or (1) (0), (1) (0) =1,S 6 6 6 6 S 6 6 6 6≥ ≥ ≤ ≥
[ ] [ ]1 1 2 2 1 1 2 2or (1) (0), (1) (0) =1or (1) (0), (1) (0) =1S 6 6 6 6 S 6 6 6 6≥ ≤ ≤ ≤

,
2 2 1 1(( (1) (0))( (1) (0)) 1)LM NO 6 6 6 6θ − − =

11,01 11,01
2 1 1 2 1 1( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

11,10 11,10
1 2 2 1 2 2( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

10,00 10,00
2 1 1 2 1 1((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1),6 6 6 6 6 6θ θ− − = − − =

01,00 01,00
1 2 2 1 2 2((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1).6 6 6 6 6 6θ θ− − = − − =

I: 2
1 1 2 2 1 1 2 2 1( ( ), ( ), ), ( (0), (1), (0), (1))V6 ] 6 ] < 6 6 6 6 =τ C , 1 1 2 1 1( ) |6 ] = = ]= %C

2
2 2 2 2 2 1 1 1 1 1 1( ( ), ), ( (0), (1)) | , ,V6 ] < 6 6 = < \ 6 V = ]τ = = = %C

M: [ ] [ ]1 1 1 1(1) (0) =1or (1) (0) =1S 6 6 S 6 6≥ ≤ , [ ] [ ]2 2 2 2(1) (0) =1 or (1) (0) =1S 6 6 S 6 6≥ ≤ ,

[ ] [ ]1 1 2 2 1 1 2 2(1) (0), (1) (0) =1 or (1) (0), (1) (0) =1,S 6 6 6 6 S 6 6 6 6≥ ≥ ≤ ≥
[ ] [ ]1 1 2 2 1 1 2 2or (1) (0), (1) (0) =1or (1) (0), (1) (0) =1S 6 6 6 6 S 6 6 6 6≥ ≤ ≤ ≤

A: 1 2 1 1| ,< = = 6C

,
2 2 1 1(( (1) (0))( (1) (0)) 1)LM NO 6 6 6 6θ − − =

11,01 11,01
2 1 1 2 1 1( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

11,10 11,10
1 2 2 1 2 2( (0)( (1) (0)) 1), ( (1)( (1) (0)) 1),6 6 6 6 6 6θ θ− = − =

10,00 10,00
2 1 1 2 1 1((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1),6 6 6 6 6 6θ θ− − = − − =

01,00 01,00
1 2 2 1 2 2((1 (0))( (1) (0)) 1), ((1 (1))( (1) (0)) 1).6 6 6 6 6 6θ θ− − = − − =

M: [ ] [ ]2 1 2 1 2 1 2 1( ,1) ( ,0) =1  or ( ,1) ( ,0) =1S 6 ] 6 ] S 6 ] 6 ]≥ ≤
I: 2

1 1 2 1 2 1 1 2 1 2 1 1 2( ( ), ( , ), ), ( (0), (1), ( ,0), ( ,1)) ( , )V6 ] 6 ] ] < 6 6 6 ] 6 ] = =τ C

11,10 11,10
1 2 2 1 2 2( (1)( (1,1) (1,0)) 1), ( (0)( (0,1) (0,0)) 1),6 6 6 6 6 6τ τθ θ− = − =

01,00 01,00
1 2 2 1 2 2((1 (1))( (1,1) (1,0)) 1), ((1 (0))( (0,1) (0,0)) 1).6 6 6 6 6 6τ τθ θ− − = − − =


