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Abstract

In this paper we consider an incomplete market framework and explain

how to use jointly observed prices of the underlying asset and of some deriv-
atives written on this asset for an efficient pricing of other derivatives. This
question involves two types of moment restrictions, which can be written
either for a given value of the conditioning variable, or can be uniform with
respect to this conditioning variable. This distinction between local and uni-
form conditional moment restrictions leads to an extension of the Generalized
Method of Moments (GMM), a method in which all restrictions are assumed
uniform. The Extended Method of Moments (XMM) provides estimators of
the parameters with different rates of convergence: the rate is the standard
parametric one for the parameters which are identifiable from the uniform
restrictions, whereas the rate can be nonparametric for the risk premium
parameters. We derive the (kernel) nonparametric efficiency bounds for esti-
mating a conditional moment of interest and prove the asymptotic efficiency
of XMM. To avoid misleading arbitrage opportunities in estimated derivative
prices, an XMM estimator based on an information criterion is introduced.
The general results are applied in a stochastic volatility model to get effi-
cient derivative prices, to measure the uncertainty of estimated prices and to
estimate the risk premium parameters.
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1 Introduction

The Generalized Method of Moments (GMM) has been initially introduced
by Hansen (1982), Hansen, Singleton (1982) to estimate parameters defined
by Euler conditions. Typically in a Consumption based CAPM [Lucas (1978)]
the moment restrictions at date ¢ are:

Dit = E, [pi,t+15 (Qt/QtH) U/<Ct+1; 7)/U/(Ct; ’Y)] , 1=1,...,n, (1)

where U is a utility function, p;, the observed prices of the n financial as-
sets, ¢; the price of the consumption good, C; the consumption level and
FE; denotes the conditional expectation given the available information in-
cluding the lagged values of prices and income. The parameters of interest
are the preference parameter v and the psychological discount rate §. The

model is semi-parametric. GMM focuses on the estimation of § = (fy', 6)/
and disregards the nuisance parameter, that is the joint conditional distrib-
ution of prices p; ;11,7 = 1,...,n, and consumption Ci,;. Recently different
approaches, called empirical likelihood, minimum chi-square or information
based approach, have been proposed to simplify the derivation of a GMM
parameter and to improve its finite sample properties!. The basic idea is to
estimate jointly the structural parameter # and the nuisance infinite dimen-
sional parameter under the moment restrictions.

However the Euler conditions are not only useful to estimate the pref-
erence parameters or test a structural equilibrium model. They are also
used in Finance for pricing derivatives. More precisely the Euler condition is
considered as a pricing formula:

Pit = E, [Mt7t+1(0)pi7t+1] , 1=1,...,n, Vit, (2)

where M;11(0) = 0 (qi/q41) U'(Ciz1;77) /U (Cy;y) is a parameterized sto-
chastic discount factor (sdf) [see e.g. Hansen, Richard (1987), Hansen, Ja-
gannathan (1991), Bansal, Viswanathan (1993), Cochrane (2001)]. This pric-
ing formula is assumed to be valid also for the other assets, whose payofts
are written on pj4,...,p,: and whose current prices are not observed. For

ISee e.g. Owen (1991), (2001), Qin, Lawless (1994), Hansen, Heaton, Yaron (1996),
Kitamura, Stutzer (1997), Imbens (1997), Smith (1997), Imbens, Spady, Johnson (1998),
Baggerly (1998), Smith (2000), Kitamura (2001), Ai, Chen (2003), Kitamura, Tripathi,
Ahn (2004), Newey, Smith (2004), Bonnal, Renault (2004).



instance the price at date ty of a European call, written on p;, with strike K
and residual maturity 1 is:

Ct0(17 K) = Eto [Mto,t0+1<9)<pl,to+l - K)+:| : (3)
It is naturally estimated by:

Gro(1, K) = By [Mto,to-&-l(é)(plio-&-l — K)ﬂ > (4)

where 6 is a GMM estimator of # based on the orthogonality conditions (2)
and Eto is a (functional) estimator of the conditional expectation. For the
application to derivative pricing the interest is focused on the conditional mo-
ment ¢, (1, K) = Ey, (a) of the function a = My, 1,+1(p1.49+1 — K)T, which is
the product of the sdf by the derivative payoff. Clearly this problem requires
the joint estimation of the parameter 6 and of the conditional distribution.

However the problem becomes much more complicated if we want to
account for the observed prices of assets which are less actively traded (such
as derivatives) when estimating 6 and the conditional distribution. Typically
we can observe the prices of the short term zero-coupon bond:

B(t,t‘l—l) :Et [Mt7t+1 (9)], t: ]_,...,T, (5)
the prices of the underlying asset:

D1 = E, [Mt7t+1 (9) pl,t+1] , t=1,..T, (6)

and for instance the at-the money call price at date t:

cto(1,p1to) = Bty [Mig to+1(0) (Prtor1 — Preo) 7] - (7)

In this situation the structural parameter 6 is subject to two types of moment
restrictions, which can be satisfied either for multiple environments [uniform
moment restrictions, equations (5) and (6)], or only for a given one [local
moment restrictions, equation (7)]. The two types of moment restrictions
are difficult to take into account jointly. This explains in practice (but also
in the academic literature) the approaches which have been followed:

i) The observations of derivative prices can be neglected, the parameter
f estimated by a standard GMM method and the derivative price of interest
approximated by (4). The drawback of this approach is that the risk premium



parameters are generally non identifiable and are frequently fixed a priori to
ZEro.

ii) An alternative is the so-called cross-sectional approach which is based
on derivative prices at date ty only. However the convergence of the estima-
tors requires a large number of liquid derivatives and the condition is far to
be satisfied on derivative markets.

The aim of this paper is to use jointly observed prices of the underlying
asset and of some derivatives written on this asset for an efficient pricing of
other derivatives. Equivalently, we explain how to estimate conditional mo-
ments under both types of conditional moment restrictions, which are either
uniform, or local with respect to the conditioning variable. In particular we
derive the nonparametric efficiency bound of the conditional moment(s) of
interest and explain how to reach this bound. In Section 2 we study the set of
moment estimators for both structural parameters and conditional moment
of interest. The two types of moment restrictions are carefully studied, since
they have different consequences concerning the identifiability of structural
parameters and the accuracy of the estimator of the conditional moment
of interest. In particular, the linear combinations of structural parameters
which are identifiable from uniform moment restrictions converge at a para-
metric rate, whereas the other linear combinations have a nonparametric
rate of convergence. We show that there exists an optimal moment method,
called extended method of moments (XMM), for the conditional moment of
interest, which minimizes its asymptotic variance. This minimal variance
defines the so-called (kernel) nonparametric efficiency bound. We derive the
explicit expression of the efficiency bound in the general framework. Finally
we consider the special cases of limited information, when all constraints
are conditional on a given environment, and of full information, when all
constraints are uniform with respect to the environment.

By definition the extended method of moments is (kernel) nonparamet-
rically efficient. However it does not provide in general a coherent estimator
of the whole conditional distribution. The aim of Section 3 is to consider an
information based approach to estimate jointly the structural parameter and
the conditional distribution. The associated information based estimators of
the moments of interest are also (kernel) nonparametrically efficient.

Section 4 is concerned with the application to efficient derivative pricing
from both observed underlying asset prices and derivative prices. We dis-
cuss in detail the moment restrictions for this problem and distinguish these



constraints depending whether they are uniform or local with respect to the
conditioning variable. The approach is applied in Section 5 to a stochas-
tic volatility model. We discuss carefully the identifiability of the different
parameters from the uniform restrictions. Based on the (kernel) nonpara-
metric efficiency bounds, we provide the patterns of the confidence bands on
derivative prices according to maturity and strike. This allows us to measure
the uncertainty on estimated derivative prices, when the sole informational
content of no-arbitrage is taken into account. We discuss the finite sample
properties of estimated derivative prices and estimated structural parameters
by Monte-Carlo. The estimators of the structural parameters, which corre-
spond to the risk premium on volatility, converge at a nonparametric rate,
whereas the estimators of the other components of the structural parameter
converge at a parametric rate. These different behaviours are consequences
of market incompleteness and lack of liquidity on derivative markets. Section
6 concludes. The proofs are gathered in appendices. Since the focus of the
paper is mainly on the structural interpretations of moment restrictions and
on the application to derivative pricing, the proofs of asymptotic results are
sketched with the purpose of deriving the forms of the limiting distributions
and of the efficiency bounds. Detailed technical results including regularity
conditions are available upon request.

2 Extended Method of Moments

In this section we consider the estimation of conditional moments
Ey[a(Y;600)|X = z] under moment restrictions Eyg(Y, 00)|X = x] = 0 from a
sample of observations (xy,v;), t = 1, ..., T, where process (X, Y;) is assumed
stationary. In this framework it is important to discuss carefully the set of
estimating constraints.

i) Firstly we can be interested in a conditional moment FEj (a|rg) =
Ey[a(Y;60)|X = xo] for a given value zg, under the set of constraints
Ey[g(Y;600)|X = z] = 0,Vx. The moment to be estimated has a local inter-
pretation, whereas parameter 0y is defined uniformly in x. Equivalently we
can consider that we are interested in a conditional moment Ej (a|zo) under
marginal moment restrictions Eg [g1(Y, X;600)] = 0, where g, is derived by
multiplying function g(Y’; #) by appropriate instrumental variables. This ex-
plains the different rates of convergence for the different parameters, that are



a parametric rate for the estimator of 6 (based on marginal moments) and a
nonparametric rate for the estimator of the conditional moment Ej (a|zq). As
a consequence the asymptotic accuracy of the estimated moment of interest
is not influenced by the estimation of 6.

ii) Secondly we can be interested in a conditional moment Ej (a|zy) =
Ey[a(Y;00)|X = x0], given the constraints FEy[g(Y;6)|X = 29| = 0. Both
the moment of interest Ej (a|rg) and the parameter 6y have local interpre-
tations. The rates of convergence are nonparametric for both parameter 6,
and conditional moment Fjy (a|xg). The asymptotic accuracy of the estimated
conditional moment Fj (a|xy) will take into account the estimation of 6.

These two cases are said with full- and limited information, respectively.
In Subsection 2.1 we consider the general framework in which the structural
parameter 6 is subject to both types of moment restrictions, that are uniform
or local restrictions. We study the set of moment estimators of the conditional
moment of interest, look for an optimal one and compute the nonparametric
efficiency bound. In Subsection 2.2 the result is applied to the pure limiting
cases of full and limited information, respectively.

2.1 General framework
Let us consider a general framework with both uniform and local constraints:

Elg(Y;00) | X =2] = 0, Vu,
E[g(Y;00) | X =20 = 0, (8)

where 6y is an unknown structural parameter with dimension p. As usual
in GMM approach, we assume in a first step that the uniform restrictions
have been replaced by a set of marginal restrictions, by introducing a finite
number of appropriate instrumental variables. Then in a second step we
discuss the optimal choice of the instruments.

2.1.1 Efficiency bound for given instruments
i) Identification condition

Let us introduce instruments Z = H(X) and let function g; define the cor-
responding marginal restrictions: Ey[Z - g(Y;600)] = Eo[o1(Y, X;00)] = 0.

5



Therefore structural parameter 6 satisfies both marginal and conditional (lo-
cal) restrictions:

By [g1(Y, X;00)] =0,  Eplga(Y;00) | X = 2] =0, 9)

where g5 = @J, gl) is obtained by gathering all conditional restrictions for
environment . Intuitively there are different situations concerning the iden-
tifiability of parameter 6.

i) If 0 is identifiable from the marginal restrictions only, the conditional
ones Fy[g2(Y;6p) | X = x0] = 0 provide a negligible additional infor-
mation, and the efficient estimator of 6 will converge at a parametric
rate.

ii) If € is not identifiable from the marginal restrictions only, but is iden-
tifiable when both types of restrictions are jointly considered, we can
expect different parametric, or nonparametric rates of convergence ac-
cording to the function (component) of parameter ¢ which is considered.
This will be the general situation.

More precisely, the identification assumptions are the following.

Assumption A.1: Parameter 0 is globally identifiable from marginal and
conditional moment restrictions, that is the application:

!

6 — (EO [1(Y, X:0)], Eo [go(Y;0) | X = xo],> is one-to-one.

Assumption A.2: Parameter 6 is locally identifiable from marginal and

conditional moment restrictions, that is the matriz:
Eo [ %) (Y, X 60)]

5 o6 has full column rank.
E() [d_g% (Y,eo) | X = £Coj|

The above rank condition implies the order condition K+ Ky > p, where
K (resp. K3) denotes the number of marginal restrictions (resp. conditional
restrictions). If matrix Ej [8g1 /06 (Y, X ;90)} has full column rank, then

parameter 6 is locally identifiable from the marginal restrictions only and is
said to be full information identifiable.



Assumptions A.1 and A.2 provide the identification conditions for struc-
tural parameter 6. However, the parameter of primary interest for our pur-
poses is the conditional moment:

By = Eo la(Y;00)| X = x0],

where a is a function of dimension L. At this step it is important to discuss
the interpretation of parameter of interest 3, which corresponds to a set of
derivative prices at some given date in the application. More precisely we
have to distinguish the mapping:

x+— Egla(Y;60) | X = a],

which is a function, usually interpreted in terms of prediction, and its value
at a given point zo, that is: 5, = Ey[a (Y;6p) | X = x|, which can be consid-
ered as a standard parameter. The latter interpretation is used for developing
our estimation approach. To this end, the parameters to be estimated can

be written in an extended vector 0* = (6“, B,> [see e.g. Back, Brown (1992)],

whose true value (6’6, Ba) satisfies the extended set of moment restrictions:

Eo [9:(Y, X;60)]
EO [gg (Y, 90) | X = .flfo] = 0
Eoa(Y;60) — By | X = x(]

Since the dimension of 3 is equal to the number of moments of interest, that
is the dimension of a, the extended parameter 6 is also globally or locally
identified under Assumptions A.1, A.2. Note that the extended problem
always involves restrictions conditional on a given value of the conditioning
variable (the restriction defining (3,), even if 6 is defined by means of uniform
restrictions only.

ii) Moment estimator

We will now consider moment estimators for 8* based on the approximated
moment restrictions:

[92(Y; ) |20] ~ 0,
Ela(Y;0) — Bl

E
E

7



where E and E [.|xo] denote an historical sample average and a kernel estima-
tor of the conditional moment, respectively. More precisely let us introduce a
kernel estimator? of the conditional density fo(y|zo). For expository purpose
we assume that processes X; and Y; have identical dimension d, say, which
is generally the case in applications to derivative pricing. The kernel density
estimator is defined by:

Y x
Flylzo) = hdZK(t )K(t
T =1

where K is the d-dimensional kernel and h; the bandwidth. The kernel K
is a non-negative symmetric function satisfying:

330> /iK(xt;l_Tx[])’ (10

t=1

Ku)du=1, w*= [ K?*u)du< oo.
Rd Rd

The kernel density estimator can be used to approximate a conditional mo-

ment Fy (ga]x0) = Eo [g2(Y;0)| X = o] by:
x T Ty — T
0 t — T
E K .
) /tzl ( hr )

~ X
B (gulr0) = [ a5 aloo)dy Zm% (t

Under standard regularity conditions including the bandwidth conditions:
Thi — oo, (Th%)l/2 h% — 0 as T — oo, the estimator F (ga|7¢) is consistent
and asymptotically normal:

VT (B (la) = Bo (2l0)) 5 N (0,0Vs (galo) /Fx(20)

where fx denotes the marginal density of process (X;). In particular the
different estimated moments have different rates of convergence, that are

VT for E, \/ThZ for E (|xo).

Definition 1: A (kernel) moment estimator (= (5,@) of parameter 0

2 Another type of nonparametric estimator of the conditional density could have been
used.



18 defined by:
= arg min ,(ﬁﬁ[gl(Y,X;Q)]l, Thi-E [g5(Y ;0) | | ThgéE[a(Y;e)—mxo]’)
0*=(0"8")

0 (VIE [0 X0 [T B (V0] /TR Ea(v:0) — 5l )

where € 1s a weighting matrix.

Under standard regularity conditions, the associated (kernel) moment esti-
mator of parameter [ is consistent, converges at a nonparametric rate 4/ Th%,
and is asymptotically normal with a variance-covariance matrix w?Vy () de-
pending on the weighting matrix 2.

iii) Semi-parametric efficiency bound

Definition 2: The (kernel) semi-parametric efficiency bound Bz (xg,a) for
Bo = Eo (alzg) and given instruments Z is the minimal asymptotic variance
V7 (Q) corresponding to the optimal choice of €.

The main result of this subsection is that the (kernel) semi-parametric
efficiency bound for 3, depends on the selected instrument Z only through
the local identification content of the corresponding marginal restrictions:

a(Y, X, 00)=Z-g(Y,0).

More precisely, what really matters is the null space of matrix JZ = Ej [8g1 (Y, X;6p)/ o6’ |.

If sz denotes the rank of this matrix, its null space is characterized by a
p X (p — sz) matrix Rz such that:

agl
By |22 (v. X:60)| Ry = 0.
0{89< o)] ,

The columns of Ry generate the null space of matrix J7. Moreover let us
denote by R a p X sz matrix whose columns complete those of Rz to get

a basis of RP. Then, the p X p matrix R; = (E, RZ) is non singular and
allows to define a new parameterization:



The vector 77, defines s; linear combinations of structural parameters 6,
which are identified from the marginal restrictions, while 1, corresponds to
p — Sz linear combinations for which the marginal restrictions are not suffi-
ciently informative, since:

g1 g1
Ey {377,2 (Y, X; 90)] = Ey {89' (Y, X; 90)] Rz =0.

This implies that parameters n; can be estimated at a standard parametric
rate, whereas 7, features a nonparametric rate of convergence induced by the
local conditional moment restrictions. Then the intuition of the main result
below is the following: as far as the semi-parametric efficiency bound for 3,
is concerned, parameters 7; can be considered as known without estimation
error, since they are actually estimated with a parametric rate of convergence,
which is infinitely faster than the non-parametric rate of convergence for
estimation of ;. This is why the efficiency bound for 3, depends on the
instrument Z only through the information matrix /y z:

dg2 ' -1 992
lo.z = fx( Ly anz 0 Vo (92) Covg (g2, a) Eo 672 0
0.z = [x(x0) : C 1% : ’
o ada’ —1d; 0Up (a, 92) 0 (a) Ey ad% —Idy,
M2 T2

(11)
where all moments are conditional on X = zo. The matrix [, é is similar

!

to a standard GMM efficiency bound for estimation of parameters (77’2, 6l)

from moment restrictions based on functions (9'2, a — 6)/, but, by contrast
with the standard setting [Hansen (1982), Back, Brown (1992)], both true
unknown values of parameters and restrictions are defined conditional on the
given value z( of X.

Proposition 1 : Let instruments Z satisfying Assumptions A.1 and A.2 be

given and the associated information matrix 1y z be defined by (11). Then, the
(kernel) semi-parametric efficiency bound Bz (xg,a) for conditional moment

10



Bo = Eo (alxg) is the lower diagonal L x L block of matrix I&é, that is:

Bz (zo,a) = m {Voa — Cow(a, g)(Vog)~* Cowy(g,a)
+ [Eo (%) Ry — Coug(a, g)(Vog) ' Eo (%) RZ}
[RIZEO (%—g;) (Vog) " Eo (%) RZ} -

RyEo (%) = RyEo (5 ) (Vog) ™ Cou(g. )] |

where all moments are conditional on X = x9 and evaluated at the true
parameter value 0.
Proof. See Appendix 1. m

The matrix Rz is not unique, but is defined up to a post-multiplication by
a non-singular square matrix. The above semi-parametric efficiency bound
is not modified by such a post-multiplication.

iv) Interpretation in terms of weak instruments

The problem considered above is related to the use of weak instruments. More
precisely, the marginal moment restrictions in (9) are obtained by introduc-
ing standard instruments satisfying the usual conditions. At the contrary,
the moment restrictions corresponding to a given value of the conditioning
variable can be approximately written as:

Eo (g2 (Y3 00) | X = xo] >~ Ey |:fX(x10)hTK <Xh_Tx0) 92 (Y;Ho)} :

They correspond to a marginal moment restriction constructed from instru-
ment K (Xh;fl / [hr fx(xo)]. This instrument admits a local interpretation

which explains the different rate of convergence of the structural parameters
when this "weak" instrument is used®. Despite this interpretation, the prob-
lem considered above is not a special case of the standard literature on weak

3The corresponding sample moment Th%E [92(0)|z0] in Definition 1 of the estimator

is of order \/Th% for 0 # 6y, which is lower than ﬁ , as in the standard case of weak
instruments [see Stock, Wright (2000)].

11



instruments [see e.g. Stock, Wright (2000)]. For instance the functions of
the parameters which are weakly (resp. strongly) identified are not known a
priori, and the asymptotic properties, especially the rates of convergence, of
the associated GMM estimator differ from the rates of convergence obtained
in the other types of applications which have been considered earlier in the
literature.

2.1.2 Nonparametric efficiency bound

i) Optimal instruments

The main lesson of the previous subsection is that the instrument Z only mat-
ters for estimation of 3, through the null space of matrix JZ = Ej [8g1 (Y, X;00)/ 89/] .

Larger this null space, larger is the vector 7, of structural parameters which
are non-identified from marginal restrictions and must be estimated at a
non-parametric rate jointly with 3, leading to the asymptotic joint covari-
ance matrix - 5. Therefore, if Z and W are two alternative sets of instru-
ments such that the null space of JZ is included in the null space of J}V, the
semi-parametric efficiency bound By (¢, a) cannot be larger than By (¢, a).
It turns out that there are many ways to choose instruments Z in order
to get a minimal null set for JZ. Let us define the subspace Ny of vectors v
of R? such that:
00
almost surely for the marginal distribution P¥ of X. Vectors in IV, correspond
to linear combinations of parameters 6 that cannot be identified from the
uniform restrictions. Subspace Nj is included in the null space of JZ for any
choice of the instruments Z. Therefore, this null space will be minimal as
soon as it coincides with Ny. Let us consider in particular:
g’
2= 50 (% (v 1x) W (x). (13

where W (X)) is (PX-almost surely) a positive definite matrix. Then, for v
in the null space of JZ, we have:

Ey lEO (g—% (Y3 60) \X) W (X)Eq (% (Y5 60) |X) v} =0,

12



or:

o (88% (Y;60) |X) W(X)Eq <

or:

dg

P - (Y5 60)) |X) v =0, P*-almost surely,

Ey (gg (Y;6)) |X> v =0, P*-almost surely,

that is v belongs to Ny. Therefore, the choice (13) of instruments Z provides
the minimal null set JZ and is optimal whenever it fulfils the identification
Assumptions A.1 and A.2. Moreover, for this special choice of instruments,
Assumption A.2 is clearly tantamount to the following identification assump-
tion:

Assumption A.2*: The structural parameter 0 is locally identifiable from
the conditional restrictions, that is v = 0 s the only vector which fulfils
jointly:

(i) the uniform restrictions: FEy [ (Y:00) | X = ZL‘] = 0, PX-almost
surely,

(ii) the conditional restrictions: Ey [ (Y:00) | X = xo} v =0, for the

gien value xog of X.

Thus, we have shown:

Lemma 1: Under Assumption A.2* any instrument Z = E (%—%\X) W(X),

where W(X) is a positive definite matriz, satisfies Assumption A.2 and is
an optimal instrument for estimating B, = Eo(a|zo).

Since we focus on nonparametric estimation of ,, the set of optimal
instruments is larger than the standard one derived by Hansen (1982) and
Chamberlain (1987) for efficient estimation of the structural parameters 6.
While in the standard framework W (X) = [Varo (g(Y,60)|X)] " is the effi-
cient weighting of the conditionally heteroskedastic moment conditions, any
choice of a positive definite matrix W (X)) is valid when ( is the parameter of
interest. Moreover, the optimality result given in Lemma 1 is more general
than the standard one, since it does not require full (parametric) identifica-
tion of 6.

ii) The identification assumption

13



Another useful formulation of Assumption A.2* can be derived by consider-
ing a matrix R of dimension p x (p—s), say, whose columns constitute a basis
of the space Ny defined in (12). Indeed any vector v satisfying Assumption
A.2* 1) can be written as v = Rc for some (p— s)-dimensional vector c¢. Then,
Assumption A.2* ii) becomes:

Eo [%(Y;QOHX::UO] Re=0=>c=0,

that is Fy [892 (Y:0,) /00| X = ZL‘Q] R is full column rank. Thus, Assump-
tion A.2* can be rewritten as:

Assumption A.2*: The matriz:
992 . _ .
E, o7a (Y:00)| X =xg| R s full column rank,

for any p x (p — s) matriz R whose columns generate the space:

Ny = {’UGRP : Ey {% (Y:00) | X = ZL‘:| v =0, PX-almost surely} :

iii) Kernel nonparametric efficiency bound

Let us now derive the (kernel) nonparametric efficiency bound. By the
above results, the matrix R coincides with the matrix R, corresponding to
the optimal instrument Z in Lemma 1. A new parameterization:

n=R'0= (?7'1,77'2) :

can be defined as above with Ry = (E, R), where matrix R completes the
basis of RP. The vector 7, represents the maximal set of structural parameters
that can be identified from uniform restrictions only. Then the information
matrix Iy corresponding to parameters (1,3 ) is defined from (11) by:

0 , _ 0
Iy = Eo (5 )0 Volgs)  Coug(ge,a) \ [ BolGe ) B O
0 = fx(zo) 5 C Vi 9
o ()R —Id, ovo (a, g2) 0 (a) By (2)R —Id,

The main result of this section is a direct consequence of Proposition 1.

14



Proposition 2 : Let Assumption A.2* be satisfied. Then the (kernel) non-
parametric efficiency bound a — B (xq,a) for conditional moment Eq (a|xg)
is the lower diagonal L x L block of matriz I;*, that is:

B(xg,a) = m {Voa — Cow(a, g)(Vog)~* Cowy(g,a)
+ [E() (%) R — Covy(a, g)(Vog) L Ey (8%%) R}
R Ey (%) ho) B (2) B]

[R'Eo (%—‘2) — R'E, (%—%) (Vgg)’lCOUO(g,a)] } , Va,

where all moments are conditional on X = xq, evaluated at the true parame-
ter value 0y and matrix R is defined in Assumption A.2*.

The efficiency bound of Proposition 2 is not modified by post-multiplication
of the matrix R by a non-singular matrix.

2.2 Special cases

Proposition 2 can be applied to the limiting cases of full and limited infor-
mation, respectively.

2.2.1 Full information identifiability

When the structural parameter  is full information identifiable, the space
Ny = {0} and the column space of matrix R in Proposition 2 is zero. We get
the corollary below.

Corollary 1: The full information (kernel) nonparametric efficiency bound
18 :
1

B(xg,a) = m {Vg(a|x0) — Covo(a, ga|z0)Volga|zo) ™! COV()(QQ,(Z|£U0)} .

This result is easily understood when all moment restrictions
Eo[g(Y;00)|X = x] = 0 are uniform and @ is full information identifiable.
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Since # can be estimated at a parametric rate using the marginal moment re-
strictions, it can be assumed known for the computation of the nonparametric
efficiency bound. This explains why the second term of the decomposition
of the efficiency bound involving derivatives with respect to € vanishes.

The same reasoning applies when @ is full information identifiable and
satisfies both uniform and local restrictions, since the additional local restric-
tions are not informative for the estimation of 6. Note however that they
are informative for the estimation of the moment of interest 5, = Ey (a|x).
Indeed the nonparametric eﬂi(,:iency bound in Corollary 1 involves the whole

set of constraints g = @J, g') .
Finally, note that the conditional moment of interest is also equal to:

Ey (alzo) = Ey [a(Y;60) — Covg (a, g2|20) Vo (g2l0) ™" g2(Y360) | o] -

The bound is nothing but the variance-covariance matrix of the residual
term in the affine regression of @ on g,. A similar interpretation has already
been put forward by Back and Brown (1993) in an unconditional setting and
extended to a conditional framework by Bonnal and Renault (2004).

2.2.2 Limited information

Let us now assume that all moment restrictions are conditional on the given
value X = xg :

Corollary 2: The limited information (kernel) nonparametric efficiency
bound is given by:

B (Ilf(), CL) = m {‘/()CL - COV()(CL, g)(%g)ilcovﬂ(§> a’)

+ B0 (2) - Covola, 3)(Vog) By (25 )]

(B0 (%) i) B ()]

() - 80 () 0ot ]}

where all moments are conditional on X = xy and evaluated at 6.
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This is the formula in Proposition 2 with go = g and R = Id, since no linear
combination of parameter 6 is full-information identifiable.

3 Information based estimator

The estimation of optimal instruments and the derivation of the associated
optimal weighting matrix in a moment method may be difficult to imple-
ment in practice and provide rather erratic results in finite sample [see e.g.
Altonji, Segal (1996), Hansen, Heaton, Yaron (1996)]. It has been proposed
in the literature (see the Introduction) to derive the optimal moment es-
timator in a single step, by optimizing with respect to both the structural
parameter and the conditional pdf an appropriate measure of discrepancy be-
tween the distribution and the unconstrained kernel density, subject to the
moment restrictions. The discrepancy measure is usually chosen among the
Cressie-Read family of divergences [Cressie, Read (1984)], leading to the so-
called empirical likelihood, chi-square, or Kullback-Leibler information based
(KLIC) approach.

In this section we develop an information based equivalent of the XMM
estimator. The goal is to correct a structural drawback of the XMM ap-
proach as introduced in the previous section, namely lack of coherency. More
precisely, conditional moments estimated by XMM are generally not consis-
tent with an underlying estimator of the conditional pdf which satisfies the
unit mass and non-negativity constraints. In derivative pricing applications,
where the conditional (risk neutral) pdf is interpreted as a state price density,
such a feature may imply misleading arbitrage opportunities in estimated op-
tion prices.

The whole existing literature on information based estimation considers
a setting with uniform moment restrictions and assumes the full information
identifiability of parameter 6. In this section we develop an approach for the
general framework with both uniform and local restrictions by combining in
an appropriate way chi-square and KLIC measures. The aim of this approach
is to get an estimator of the conditional pdf, which satisfies the unit mass
and non-negativity restrictions, while keeping the estimator tractable.

In the first subsection we explain why the XMM approach features a
lack of coherency and does not provide an appropriate approximation of the
conditional density. The information based estimator is introduced in Section
3.2 and its (kernel) nonparametric efficiency is proved. Finally Section 3.3
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considers the limiting cases of full and limited information.

3.1 A lack of coherency of XMM

It is well-known that a GMM approach can feature a lack of coherency,
when the conditional moments of interest are multiple. More precisely, it
is expected that an estimation approach for Ey(alzg) = E [a(Y;60)| X = 0]
provides an estimator of the type:

Ewmﬁz/w%%ﬂmmm%

where 6 is an estimator of 6 and fis an estimator of the conditional density.
The XMM approach does not satisfy this requirement.

i) For instance in the full-information case with full information identifi-
able parameter, the XMM estimator of the moment of interest coincides with
the estimator of the moment of the residual:

Eq [a(Y;60) — Couvg (a, glzo) Vo (glo) " (Y3 60) | o]

which can be written as:

[ atwi00) Tt [1 = 560 Vo gleo) ™ Eo gleo)]

This is an integral expression, with respect to a measure which does not
depend on a, satisfies the unit mass restriction, but is not necessarily positive.

ii) Moreover in the general mixed framework such an integral represen-
tation can even not exist, since the XMM estimator of § depends on the
moment of interest a.

Therefore, it is important to introduce an estimation method, which is
both coherent and (kernel) nonparametrically efficient.

3.2 Information based estimator

The (unconstrained) kernel estimator ]/‘\(y|:n) is a consistent estimator of the
conditional pdf. However it is not nonparametrically efficient, since it does
not take into account the parameterized moment restrictions. The kernel
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density estimator can be improved by looking for the pdf which is the closest
to f (y|x) and satisfies the moment restrictions.
In this section we consider the joint estimator defined by:

(Fo Clo) Fo () o Fo () @)
Tk

= ar min
gfo,f17---7fT 0T Z/

W)

dy+ hi [ 1og [£200)/ Flgken)] 12w

|33t
st. [fiy)dy=1, t=1, ...,T,
I ) y =1,
fg y;0) f'ly)dy =0, t=1,...,T,

[ 92 (y; 0 f”( )dy = 0.

The objective function includes two components: a chi-square distance is
used for the optimization with respect to the conditional distributions as-
sociated with the sample values of the conditioning variable, whereas an
information criterion is used for the conditioning value xy corresponding to
the conditional moment of interest. Moreover two types of constraints are
introduced: the uniform restrictions are written for all observations x4, ...,
xr, whereas the local restrictions are written for xy only. The chi-square
component allows for closed form solutions f!(#), ..., fT (0) for a given @
without ensuring positivity. Therefore the objective function is easily con-
centrated with respect to f 1 ..., f¥. Then the information criterion provides
a solution fy (.|xg) satisfying the unit mass and positivity restrictions *. In
particular, the computation of the estimator only involves the optimization
of a concentrated criterion with respect to parameter # and a Lagrange mul-
tiplier of dimension dim(g,) [see Appendix 2 i) for the concentration of the
objective function].

Then the information based estimator of the conditional moment is de-
fined by:

Blalzo) = / a(y:0) o (o) dy

The (kernel) nonparametric efficiency of the information based estimator of
fo(y|xo) is established in Appendix 2.

4See e.g. Stutzer (1995), (1996) and Kitamura-Stutzer (1997).
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Proposition 3 The estimator E (a|x,) is consistent, converges at rate /The.,
is asymptotically normal and (kernel) nonparametrically efficient:

VINL (3 (ala) — Bo(alzo)) > N(0, Bzo, a)),

w

for any a.

3.3 Special cases
3.3.1 Limited information

When the moment restrictions are:

aﬁWﬁmxzmz/awmmmmwza

the optimization problem becomes:

-~

(fo (o) .8) = avgmingy [log | £(y)/F(ylao)| (v)dy "

s.t. [ fw)dy =1, [ f(y)g(y; 0)dy = 0.

The associated estimator F (a|zo) = [ a(y; g)ﬁ) (y|xo) dy is (kernel) nonpara-
metrically efficient. Its asymptotic variance is given by the expression of
B(x,a) in Corollary 2.

3.3.2 Full information

In the full information case a (kernel) nonparametrically efficient estimator
can be defined by optimizing the mixed chi-square/information criterion with
respect to both 6 and the conditional distribution (see Section 3.2). Our ap-
proach extends results derived in the literature in the special case of pure
uniform restrictions and i.i.d. observations. For instance Bonnal and Re-
nault (2004) derive a result similar to Proposition 3, but without imposing
positivity of the estimated conditional distribution. Kitamura, Tripathi, Ahn
(2004) focus on estimation and inference about structural parameter 6 only
adopting a smooth empirical likelihood approach. Smith (2004) establishes
the results of Kitamura, Tripathi, Ahn (2004) for the Generalized Empirical
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Likelihood (GEL) methodology ®. Section 3.2 extends the results of these
papers to a general setting with both uniform and local moment restrictions
where the structural parameter is possibly full information unidentifiable,
which is the relevant setting for derivative pricing applications.

In the full information case, a (kernel) efficient estimator of the moment
of interest can also be derived in a two step approach. Indeed the structural
parameter 6 can be estimated consistently (and efficiently) by means of the
uniform restrictions only. This allows to separate the estimation of 6 and the

estimation of the conditional pdf of interest f(y|xo). A two step estimator is
defined by:

B (alo) = / a(y:8) oyl o) dy,

where:

~

follao) = argmin [oglf()/Flulen) /)i
st [twdr=1 [ fonwda =0 15)

and 0 is any estimator of # converging at a parametric rate. This estima-
tor can be a consistent (but possibly inefficient) moment estimator, a GMM
estimator, or a continuously updated estimator [see Hansen, Heaton, Yaron
(1996)]. Insofar as 9 is consistent and root-T asymptotically normal, E (alxo)
reaches the (kernel) nonparametric efficiency bound in Corollary 1. By con-
trast with standard GMM, the two-step procedure implies no efficiency loss
since the rates of convergence are different in the two steps.

4 Derivative pricing

Usually derivative pricing formulas involve two types of parameters charac-
terizing the dynamic of the underlying asset returns and the risk premia,
respectively. The parameters can be finite dimensional or functional, leading
in practice to parametric or nonparametric pricing methods.

i) When the markets are complete, the only parameter concerns the dy-
namics of the underlying asset returns and can be estimated from return

®See also Ai-Chen (2003).
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data. When the parameter is finite dimensional, it is usually estimated by
maximum likelihood®. Alternatively the estimation of some parameters can
be based on derivative data only. For instance, if the Black-Scholes model is
well-specified, the volatility can be estimated by an implied volatility com-
puted from an observed option price. However the drift is not identifiable
from option prices observed at a given date, that is by a cross-sectional ap-
proach.

ii) In the incomplete market framework, the model includes in general
both dynamic and risk premia parameters. These parameters can be es-
timated by an appropriate use of both historical and cross-sectional data.
Such approaches have already been considered in the literature for paramet-
ric models [see e.g. Garcia, Luger, Renault (2003) for estimation, De Munnik,
Schotman (1994), Bams (1998) for specification tests]. Some of the parame-
ters can also be estimated by a pure cross-sectional approach using option
data only, the typical example being the parametric fit of Black-Scholes im-
plied volatility surfaces. Different nonparametric approaches have also been
considered in the literature. They are based for instance on nonparametric
approximation of the implied volatility surface [see e.g. Hutchinson, Lo, Pog-
gio (1994) for using neural networks, and Ait-Sahalia, Lo (1998), who use
a kernel approach and deduce a nonparametric estimator of the state price
density]. An alternative approach relies on maximum entropy risk neutral
densities for given maturity, derived by using both asset and option data [see
e.g. Rubinstein (1994), Jackwerth, Rubinstein (1996), Buchen, Kelly (1996),
Stutzer (1996), Jondeau, Rockinger (2000)].

In this section, we consider a semi-nonparametric approach, in which
the historical parameter is functional and the risk premia parameter is finite
dimensional. We explain how to use jointly underlying returns and derivative
prices for efficient pricing of other derivatives.

4.1 The estimating constraints

For expository purpose let us consider European calls written on an underly-
ing asset with geometric return y;. We assume that the return series (V) is
a Markov process of order one under the historical probability and that the
price at t of a European call with moneyness strike s and residual maturity

6This approach can be extended to functional parameters, leading for instance to indi-
rect spline estimation of the state price density [see e.g. Gourieroux, Monfort (2004)].
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one can be written as’ :

c(s) = Ey [m(YtH; 0)(exp Yiy1 — 5)+] , (16)

where m(Y;41;0) is the stochastic discount factor. The finite dimensional
parameter 6 characterizes the risk premia, whereas the historical conditional
distribution of Y;,; given Y; is let unspecified.

Let us now assume observations of a finite number of derivative prices
co(sk), k=1,..., K, at a given date to and observations of underlying asset
returns for earlier datest =to—T +1,...,ty. Then the moment restrictions
are twofold. Some constraints concern the derivatives and are given by :

Cto(sk) =F [m(Y;-i—la 0)(6Xp Y;-i—l - Sk)+|}/t = yto} ak = 1a s >K' (17)

Other constraints concern the pricing formula for the underlying asset and
the riskfree asset. They are :

Em(Y;0)| Y =w] = 1,Vy,
Em(Yy1;0)expYia| Yi=w] = 1,Vy, (18)

assuming for simplicity a deterministic zero risk-free rate.

The second subset of constraints on 6 are uniform with respect to the
conditioning value, whereas the conditioning value is fixed in the first subset.
The distinction between the two types of moment restrictions is due to the
lack of liquidity of some assets. If the asset is highly liquid, its price can be
observed at any date leading to uniform conditional moment restrictions (if
the number of observation dates is large and the return process stationary
with a continuous stationary distribution). If the asset is not very liquid the
price is observed for a limited number of dates, for instance for environment
Yy, existing at date to. This is the case for derivatives®.

Different pricing formulas are derived below depending whether the sec-
ond subset of moment restrictions is totally taken into account.

"More precisely this is the call price in percentage of the underlying asset price. Since
(pia1 — sps)T = pe(expysr1 — s), the call or put written on p;1; can also be written on
CXP Yt+1-

8See the discussion in Ait-Sahalia, Lo (1998) for the evolution of the set of liquid options
on S&P.
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4.2 Derivative pricing with limited information

Let us assume that the interest is in the price at ¢y of a European call with
maturity 1 and strike s. Its price is equal to the conditional moment:

E (alyy,) = E[m(Yes1;0)(exp Ve — )Yy = .

Under limited information, the only restrictions E (g|yy, ), which are taken
into account, correspond to the same conditioning value. There is a set of
K + 2 restrictions:

Em(Yiy1;0)(expYipr — sp)" — co(se)[Ye = 4) =0, k=1,..., K,
E [m(Y;H-l; 0) — 1Y, = yto] =0, (19)
Elm(Yi41;0) exp Yir — 1|Y; = ] = 0.

Then we can apply the estimation approach described in Section 3.3.1. This
approach ensures that the estimated risk neutral pdf is nonnegative, which
is compatible with the no arbitrage restrictions’.

Whereas the conditional moment restrictions concern date ty and enuvi-
ronment y,, only, the approach is not a pure cross-sectional approach. Indeed
the observations v;,_741, ..., ¥, corresponding to the other dates are used in
the estimation approach of the conditional (historical) pdf. In particular the
derivative prices will be consistently estimated, if the number of observations
T is large, even if the number of derivatives K is rather small (but larger
than the parameter size). In particular the asymptotic theory is very differ-
ent and more realistic than the theory usually developed in the literature,
which assumes an infinite number of liquid derivatives at the date of interest
[see e.g. Ait-Sahalia, Lo (1998)].

Finally the limited information method differs from the entropy based
approaches introduced in the literature by the choice of the benchmark risk
neutral distribution. In our framework this distribution is m(y; 6) fo(y|xo),
where fy(.|zg) is the historical conditional pdf. In Stutzer (1996) pl1639

9The conditional moments could also be estimated by XMM, but as noted in Section
3.1 this does not ensure a corresponding risk neutral density, and, if the latter exists, its
positivity. Thus XMM could create misleading arbitrage opportunities in estimated option
prices.
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the benchmark distribution is the historical distribution itself (implicitly as-
suming zero risk premia); a parametric benchmark such as a Black-Scholes
lognormal distribution is suggested by Rubinstein (1994) and Jackwerth, Ru-
binstein (1996), whereas a uniform distribution has been implicitly selected
in Buchen, Kelly (1996) and Jondeau, Rockinger (2000). Moreover, maxi-
mum entropy methods focus on the state price density for a given date and
a given maturity, whereas our approach allows to estimate coherently state
price densities at a given date for all maturities.

4.3 Derivative pricing with mixed limited- and full in-
formation

Let us now assume that both types of moment restrictions (17) and (18)
are taken into account. Derivative pricing can be improved by considering
jointly the dynamics of the underlying asset prices between t = to— 1T +1 and
t = to and the way some prices of European calls depend on the strike for
date ty. Two cases have to be distinguished according to the full information
identifiability of parameter 6 from underlying asset price dynamics.

i) Full information identifiability

If parameter 6 is identifiable from uniform moment restrictions (18), re-
strictions (17) can asymptotically be neglected for the estimation of 6. A
GMM estimator 6 of 0 can be computed by using restrictions (18) only and
is consistent at a parametric rate. Then we can apply the estimation method
described in Section 3.3.2 with f (.|zo) a kernel estimator of the conditional
pdf given Y; = y;, and the set of restrictions (19).

ii) Full information underidentifiability

As seen in Section 2.1, a part of the parameters can be identified from the
asset price dynamics (uniform restrictions) and will converge at a parametric
rate, whereas the remaining parameters are identified by means of the cross-
sectional restriction (17) and converge at a nonparametric rate. The latter
are linear combinations of parameters R 6, where the columns of matrix R
span the null space Ny defined in (12), with moment function g corresponding
to restrictions (18). In this case the estimation has to be performed with the
general criterion introduced in Section 3.2.
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When 6 is full information underidentified there exist a multiplicity of
values of parameter 6, that is a multiplicity of sdf, such that the no-arbitrage
conditions are satisfied for both the riskfree asset and the underlying risky
asset [see equation (18)]. In the incomplete market framework, the choice of
a parametric specification for the sdf may be not sufficient to get a unique
pricing kernel from the observation of liquid asset prices. In other words, the
specification allows for some residual incompleteness and, from a financial
point of view, the degree of full information underidentification is equal to
the dimension of this residual incompleteness.

4.4 Comparison of the limited and mixed information
approaches

Both approaches use jointly historical information [by means of the kernel
estimate of the conditional pdf and possibly by uniform moment restrictions
(18)] and cross sectional information by moment restrictions (17). Moreover
they are consistent when T tends to infinity with K fixed, whenever 6 is
identifiable from the whole set of uniform and local moment restrictions.

When 60 is identifiable from the conditional restrictions at date tg, it is
possible to use either the general approach, or the limited information ap-
proach. The limited information method is likely to be preferred in practice
in a first step. Firstly the asymptotic variance is larger than the variance
derived by the general approach, leading to larger prediction intervals for
derivative prices (which is a drawback from a statistical point of view), but
more secure risk management (which is an advantage from the financial point
of view). Secondly it corresponds to the usual practice of reporting daily the
implied volatilities in the Black-Scholes framework. More precisely let us as-
sume that the pricing model is misspecified and that the stochastic discount
factor is m(y;11,6(y;)), in which 6 depends on the lagged value. The lim-
ited information method provides the estimate of 6(y, ), whereas the general
method provides a kind of average of 6(y;) on all values observed in the past,
without the interpretation of an integrated risk premium. By applying the
limiting information approach at several consecutive dates tg, to + 1, to + 2,
...., we can detect an instability of the risk premium.
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5 Stochastic volatility model

In this section we illustrate the extended method of moments (XMM), or its
information based equivalent, for efficient derivative pricing. In Section 5.1
we describe the data generating process to get the prices of the underlying
asset and derivatives. The DGP is a discrete time version of the stochastic
volatility model of Heston (1993) and Ball-Roma (1994), with a risk pre-
mium introduced in the return equation!’. In Section 5.2 we describe the
semi-parametric model which is used for derivative pricing and discuss the
identification of the risk premia parameter. The nonparametric efficiency
bounds for limited- and mixed information restrictions are computed in Sec-
tion 5.3 for the prices of European calls. We discuss how they depend on the
strike and on the set of observed derivative prices. Finally, the finite sam-
ple properties of the estimated option prices and of the estimated structural
parameters are analyzed by Monte-Carlo in Section 5.4.

5.1 The design

Let us consider a market with a risk-free asset, with zero risk-free rate, and
a risky asset with geometric return r; = log (p;/p;—1) such that:

Ty = Y07+ 0y, (20)

where (g,) is a standard Gaussian white noise, 02 denotes the volatility and
~ measures the magnitude of the risk premium in the expected return. The
intercept is set to zero because of no-arbitrage restrictions. Indeed for zero
volatility o; = 0 the return becomes deterministic and has to coincide with
the zero risk-free rate.

The volatility (0?) is stochastic, with a dynamics independent of the
shocks (g;) on returns. It follows an autoregressive gamma process (ARG),
which is the time discretized Cox-Ingersoll-Ross process [see Gouriéroux,
Jasiak (2000)]. The transition distribution of the stochastic volatility is
characterized by the conditional Laplace transform (moment generating func-
tion):

Ui(u) = Elexp(-uoiiy) | o]
= exp [—a(u)o} — b(u)], (21)

10See Gourieroux, Sufana (2004) for the multivariate extension.
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where: a(u) = p7%, b(u) = dlog(1l + cu). The positive parameter p is
the first order autocorrelation of the variance process (0?) , parameter § > 0
describes its (conditional) over-/under-dispersion, and ¢ > 0 is a scale para-
meter. In this model the factors are the return and the volatility:

Y: = (ry,02) . (22)

Model (20)-(22) is completed by the parametric specification of the stochastic
discount factor for period (t,t + 1). The sdf is specified as:

M1 = exp (—Vo - V1Uf+1 - VQU? - V37’t+1) ) (23)

where v, V1, V9, V3 are parameters. The exponential affine specification (23)
is compatible with the no-arbitrage restrictions and provides simple pricing
formulas.

Let us first consider the restrictions implied by no-arbitrage opportunity.
They are obtained by writing the pricing formula for both the risk-free asset
and the underlying asset. We get:

Et (Mt,t+1) = 1>
Ey (Mt,t+1 eXp Tt+1) =1,

Et eXp |—Vo — Vl(T?_H - V20-t2 - V3rt+1:| = ]'?
— 2 2
Eyexp |—vg — V107, — V207 — (vs—1) Tt+1] =1,
i\ .2 2
Eyexp |—vo — (V1 +v3y — 3 ) 07 — V20| =1,
; E (v3—1) 2 1
rexp |—vo — (v1+ (v3— 1)y 2 Opp1 — V20 = L

(by integrating 7y, conditional on o2 1)
Vo+a<l/1—|—l/37—%23> a?%—waf%—b(ul—l—ygv—iﬁ) =0,
1/0+a[1/1+(1/3—1)7—W] U?+V20'?+b|:1/1—|—<1/3—1)’)/—w:| = 0.
(24)

—

Since the above conditions have to be satisfied for any admissible value of
o2, we get the following restrictions on the parameters:

(

1/0+b(1/1+1/37—'3;) =0,
l/o—l—b|:l/1—|—(l/3—1)’)/—@:| =0,

1/2—|—a<1/1—|—1/37—i221> =0,
V2+G[V1+(V3—1)7—@} = 0.
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Since functions a and b are one-to-one, the difference between the first two
equations (resp. the last two equations) imply:

vy —1)2 V2
V1+(V3_1)7_M:V1+V3’7——3,
2 2
that is: )
1/3:7+§.
From the same pairs of equations we deduce:
2
vy = —b<1/1+1/37—?3):—5log[1+c(1/1+72/2—1/8)},
2 2
V3 vy +v°/2-1/8
- _ _3) = ) 25
v2 a(”ﬁ”” 2) PT¥ el +2/2 - 1/8) (25)

Therefore we get the following proposition.

Proposition 4 : The sdf is compatible with the no-arbitrage conditions if
and only if:

vo = —dlog[l+c(vi+7%/2-1/8)],
v1+7%/2—1/8

Tt (v + 22— 1/8)

vy = v+1/2.

Vg =

In particular parameter v, is unrestricted. Thus, in this incomplete mar-
ket framework (in which the liquid assets are the riskfree asset and the un-
derlying risky asset), the risk premium for current stochastic volatility can
be fixed arbitrarily, that is the dimension of residual market incompleteness
is equal to 1. This residual incompleteness is not a consequence of the spe-
cific ARG dynamics assumed for stochastic volatility, but is the general case
for instance when state variables Y; follow an affine process. Indeed in this
case the specification of a parametric exponential affine sdf generally does
not select a unique pricing kernel.

The (standardized) price at ¢ of a European call with moneyness strike s
and residual maturity A is given by:

1
Ct(Sv h) = ;Et [Mt,t+1---Mt+h71,t+h (pt+h - SPt)Jr}
¢

= Et (Mt7t+1---Mt+h—1,t+h [exp (Tt+1 + ...+ ’f’H_h) — S]+) .
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As usual in the stochastic volatility framework the option price can be written
in terms of Black-Scholes price and integrated volatility
o7 (h) = (0}, + ...+ 0%,) /h. We get:

ci(s,h) = EZ [BS(h,s,07.(h))]

where @ is the risk neutral probability and BS(h, s, c?) denotes the Black-
Scholes price of a European call with moneyness strike s, residual maturity
h and constant volatility o?. The derivative price is easily computed by
Monte-Carlo since under the risk neutral probability the returns still follow
stochastic volatility model (20)-(21) with risk premium parameter v* = —1/2

and ARG volatility parameters!:

* P * * ¢

T e C T T Ircm 2= 1)
(26)

To illustrate the properties of the stochastic ARG volatility model dis-
cussed above, we display in Figures 1 and 2 below a joint simulated path
for the return and volatility, and the pattern of the implied Black-Scholes
volatility as function of the moneyness strike, respectively. The simulations
are performed for the following set of values for the parameters'?:

v =05 p=085]0=1266 |c=27-10"
Vo= —337-10 % |1, =10 | vg= —8.498 | vz =1

[Insert Figure 1: Simulated returns and volatility]
[Insert Figure 2: Implied Black-Scholes volatility]

As expected, the return series features volatility clustering, with periods of
high return volatility corresponding to large values of the stochastic volatility.
The Black-Scholes implied volatility!® admits an asymmetric smile, more
pronounced for in-the-money values of the moneyness strike s.

' The proof is available from the authors.

12The risk premium interpretation does not necessarily imply that all v parameters are
positive. They have been fixed to ensure that v3 > 0, v; +v2 > 0 and often vy + V10t2+1 +
V20t2 + V3Tig1 > 0.

13We select a residual maturity h = 1 for the European call and the relevant information
at date t is the volatility o7, whose value is set equal to the stationary mean E (af) .
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5.2 The observations and the model

In the next sections we assume that the observations are 74,741, ...,7,
afofT s o*fo and some derivative prices at date tj, corresponding to mon-
eyness strikes s; = 1, s = 0.98, s3 = 1.02. The observed prices have been
generated by the design of Section 5.1 with the same set of parameter values.
We are now interested in an efficient estimation of some option prices.

i) The model

For simplicity we assume that the specified sdf is compatible with the design
above:
Myyi1 (0) = exp (—vo — v107,y — v20] — V3Tes)

/

where 0 = (vg, V1, V9,v3) is now an unknown parameter. Moreover the con-
ditional distribution of Y; = (r;, 0?) given Y;_; is let unspecified.

ii) Full information identifiability

Let us now discuss the identifiability of parameter # from the uniform con-
ditional restrictions:

{ Et (Mt,t+1 (8)) = 1>
E, (Mt,t+1 (9) exXp 7’t+1) =1,

assumed valid for any conditioning value ;. From Proposition 4, only three
independent linear combinations of parameter # can be identified, including
parameter v3. Therefore in this model the structural parameter 6 is full
information underidentified.

At this step two approaches can be followed:

i. We can consider the stochastic discount factor above without introduc-
ing additional restrictions on parameters vq, v1, 5. Then the degree of
underidentification from asset dynamics is equal to 1. The null space
Ny defined in equation (12) has dimension 1, and is spanned by (see
Appendix 3):

—0 11+iyl —3.37-107°
1
R= ! = (27)
—pm —0.850
0 0
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Component R'6 and parameters v, v1, V5 are full information noniden-
tified. Typically, parameters vy, 1,5 can only be identified by the
cross-sectional restrictions from observed derivative prices.

ii. Alternatively, we can introduce an identification restriction on the risk
premium, for instance 1 = 0. Under this restriction vq, vy, v5 become
full information identifiable from asset price dynamics, and the esti-
mation problem will be greatly simplified. This second approach is
often followed in the financial literature, at the risk of a mispecification
in the identification restriction. Moreover such an approach can have
some misleading consequences when considering the confidence interval
for derivative prices, which will likely be too narrow.

The first approach is considered in this paper.
iii) Limited information identifiability and residual maturity

An additional identification problem may arise in the limited information
framework since the information depends on the maturity of the observed
derivative prices. For instance, if all observed derivative prices correspond
to a short maturity h = 1, only parameters vo;, = vo + 1/2030 and v; can be
identified from asset dynamics and observed derivative prices. This allows to
identify the prices of derivatives with the same maturity 1, but not the prices
of derivatives with larger maturity. However parameters vy and v, can be
identified separately by means of observed prices of derivatives with residual
maturity larger than 1. To summarize, when the structural parameter is
limited information underidentified, it can be necessary to use derivative
prices with different maturities to be able to estimate the derivative prices
for all maturities. Note however that the derivative prices with large residual
maturity are not very informative. Indeed, let us consider the geometric
stochastic yield associated with the sdf, that is:

h—

h
1 1 9 1
—z log (Mt,t+1---Mt+h+1,t+h) = VO—WIE kE_1 Ut+k+’/2z /;_ t+k+V3h E Ttk

If the joint process (02, r;) is stationary, the geometric stochastic yield tends
to the deterministic long run level vg + (v1 + v2) Eo} + v3Ery for h tending
to infinity. Thus this combination of the structural parameters is limited
information identifiable from long run derivative prices, but the structural
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parameters themselves are not.
iv) Link with the literature

Stock, Wright (2000) considered also an application to asset pricing, in which
the sdf is deduced from the optimisation of an expected CRRA utility func-
tion. Thus the sdf is:

M1 (0) =0 (Ot+1/0t)7’

where C; denotes the consumption'®. In our framework both § and v para-
meters would be full information identifiable from the observed asset prices
of the basic assets. Thus the discussion differs from the discussion in Stock,
Wright (2000) in which the risk aversion parameter is assumed a priori weakly
identified. In our framework the weak identification can only be the conse-
quence of some lack of observations on derivative prices and concern some
specific risk premium parameters.

5.3 Nonparametric efficiency bounds

Two cases will be distinguished according to the type of information.
i) Limited information

The cross-sectional restrictions are:

E [Miy 041 (0) = 1y,] = 0,
E [Mtoﬂfo-l—l (9) €XP Ttg+1 — 1|yto] = 0’
E [Miy 011 (0) (exprigir — 8)7 = cio(8)|y] = 0, s=0.981,1.02.

The conditional moments of interest are the prices of European calls at hori-
zon 1:

E (a(s)‘yto) =F [Mto,toJrl (9) (exp Tto+1 — S)+ ‘yto] ) Vs.

The identifiable parameters are v, = vo + VQJfO, v1, v3, but are sufficient
to identify the conditional moments of interest, which have the same matu-
rity. We provide in Figure 3 the nonparametric efficiency bound B(y,, s) for

141n this framework the price of the consumption good is ¢; = 1 and the returns g, have
to be interpreted as real returns.
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E (a(s)|ys,) as a function of s, computed according to Corollary 2.
[Insert Figure 3: Nonparametric efficiency bound, limited information]

The solid line corresponds to the call price E (a(s)|yy,), the dashed lines to

confidence intervals £ (a(s)|ys,) & 1.96—2=B(yx,, s)1/2 computed for
T

w?/Th2 fx(zg) = 1 . The current factor y;, corresponds to a variance
o}, equal to the stationary expectation F (07). The width of the confidence
interval for derivative price E (a(s)|ys,) depends on moneyness strike s. The
interval is generally wider for almost at-the-money (ATM) options, whereas
it is narrower when the derivative is deep in-the-money (ITM) or out-of-the-
money (OTM). Moreover the width of the interval is zero when s corresponds
to the moneyness strikes of the observed calls.

To compare the results for derivatives with longer maturity, let us con-
sider the nonparametric efficiency bound for a European call with residual
maturity A = 60 days. At ty the prices of three derivatives with same resid-
ual maturity h = 60 and strikes s = 0.9,1,1.1, respectively, are assumed
to be observed. In this case the whole parameter 6 is limited information
identifiable. The efficiency bound is displayed in Figure 4 below.

[Insert Figure 4: Nonparam. eff. bound, limited information, maturity 60]

The confidence interval is larger for I'TM strikes, and generally larger com-
pared to maturity h = 1.

The confidence intervals are pointwise confidence intervals. The choice
of derivative prices corresponding to different strikes have in practice to be
compatible with both a confidence band and also with the no arbitrage re-
strictions. This implies the selection of a decreasing convex function com-
patible with the band.

ii) Mixed limited- and full-information

Let us now consider the general approach with both uniform and local re-
strictions, see Proposition 2. The conditional moments of interest are still:

E (a(s)|yry) = E [Myg 1041 (0) (exprigsr — 8) " yo] s Vs

15We adopt this normalization to illustrate the pattern of the nonparametric efficiency
bound as a function of the moneyness strike. The selection of empirically relevant sample
size T and bandwidth hAp will be discussed in the next section, where we report the
corresponding actual size of the efficiency bound.
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We check in Appendix 3 that Assumption A.2* is satisfied in our stochastic
volatility framework. Matrix R is given in equation (27). The nonparametric
efficiency bound for a European call with residual maturity h = 1 is displayed
in Figure 5.

[Insert Figure 5: Nonparametric efficiency bound, mixed information]

The confidence interval is similar to that obtained in the limited information
framework (see Figure 3). To understand this fact, let us recall that, in the
mixed case and at maturity 1, we have to estimate one parameter more than
in the limited information case. This effect is approximately compensated
by the contribution of the uniform restrictions.

In Figure 6 we display the mixed information nonparametric efficiency
bound for a call option with residual maturity ~ = 60, when the price of
three derivatives with same maturity and strikes s = 0.9, 1, 1.1, respectively,
are observed.

[Insert Figure 6: Nonparam. eff. bound, mixed information, maturity 60]

The confidence band is more narrow than in the limited information case (see
Figure 4). This is especially clear for ITM values of s far from the observed
strikes. The effect on the confidence interval is less clear close to observed
strikes, or for rather deep OTM strikes. Indeed in these regions the option
price is tight down from the observed prices, or has to be close to zero by
definition, respectively.

Finally, in Figure 7 we display the mixed information nonparametric ef-
ficiency bound for a European call with maturity h = 60, when the prices
of three derivatives with maturity 20 and strikes s = 0.9, 1, 1.1, respectively,
are observed.

[Insert Figure 7: Nonparam. eff. bound, mixed information, maturity 60 and 20]

In this case the maturity of the observed derivatives does not correspond
with the maturity of interest. This explains why the nonparametric efficiency
bound is much larger compared with Figure 6, and in particular it is different
from zero for all moneyness strikes. Thus observed derivative prices at the
maturity of interest have a large informational content for the estimation of
other derivative prices.
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5.4 Monte-Carlo

In this section we report the results of Monte-Carlo simulations to investi-
gate the finite sample properties of the information based estimator. Data
are generated according to the ARG stochastic volatility model described in
Section 5.1. We consider the general framework with both local and uniform
restrictions.

At date ty the prices of three derivatives ¢y (h, si) with maturity h =
2 and moneyness strikes s, = 0.98,1,1.02 are fixed. They are computed
by simulation as explained in Section 5.1 with available information o7 =
E (02). Then we simulate S = 500 paths of return-volatility process (r;, 07),
t=ty—T+1,...,ty, for sample size T = 250, such that the observed values
at date ty are r,, = 0, 0;, = E (07). Such paths are obtained by simulating
the process backward. More precisely the time-discretized version of the
Cox-Ingersoll-Ross process is time reversible. Therefore (1, 0?) follows the
same stochastic volatility process both in direct and in reversed time. The
information based estimator of structural parameter 6, and of European call
prices E [a(h, s)|y,] at date to for maturity h = 2 and different moneyness
strikes s are computed for each simulated sample according to Section 3.2.
The moment restrictions involve both the uniform no-arbitrage conditions
from riskfree and underlying asset returns as well as the local restrictions from
observed derivative prices at date t3. The kernel estimator of the conditional
pdf is based on a Gaussian product kernel with different bandwidths for
return and volatility, which are equal to h,7 = 0.0039 and h,r = 0.0025,
respectively!f. Finally the selected sample size T = 250 corresponds to
approximately 1 year of trading days, which is the sample length typically
suggested by the regulator for risk management purposes.

i) Derivative prices

We display in Table 1 below the mean, the median, the 95% confidence
interval, as well as the 5% and 95% quantiles of the estimated European

call prices for maturity h = 2 and different values of the moneyness strike
between s = 0.95 and s = 1.05.

[Table 1: Derivative prices, maturity 2, sample size 250]

16The bandwidths are selected in order to get an appropriate smoothing of the joint
conditional pdf of (ry, o) at sample size T' = 250.
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For comparison we also report for each moneyness strike the corresponding
true derivative price and the 95% asymptotic confidence interval based on
the nonparametric efficiency bound, computed according to Section 5.3. As
seen previously in Figures 5 and 6, the width of the nonparametric bound
varies with strike s. In particular, the information content of the moment re-
strictions for estimating derivative prices can be very different across strikes.
For instance the width of the confidence interval is less than 1% of the true
price for strike s = 0.96, whereas it amounts to about 35% for strike s = 1.04.

Let us first consider the finite sample bias of estimated derivative prices.
This bias is typically positive for ITM call options, whereas prices of OTM
calls are generally underestimated. The corresponding relative pricing errors
are less than 0.5% for strikes below s = 1.03, whereas it is about 5% for the
deep OTM strikes.

Let us now consider the finite sample accuracy of the estimated derivative
prices. The 95% confidence intervals and the 95% - 5% interquantile ranges
of estimated call prices feature patterns across strikes similar to the patterns
of the nonparametric efficiency bound, but they are wider. For instance,
the 95% - 5% interquantile range is about 4% of the median (or mean)
call price for strike s = 0.96, and about 135% for the deep OTM strike
s = 1.04 '7. In particular, these bounds are much larger than those typically
reported in the literature based on fully parametric specifications. A narrow
parametric bound however can be highly misleading in the presence of model
misspecifications, that is when the true data generating process of underlying
asset returns does not belong to the selected parametric family. In practice,
the nonparametric bounds derived from the finite sample distribution of the
information based estimator are likely to be preferred, since they provide
more secure bounds for risk management purposes.

Finally, we display in Figure 8 the histograms of estimated derivative
prices for different strikes.

[Figure 8: Histograms of estimated derivative prices]

These finite sample distributions feature non-Gaussian patterns. The latter
are more pronounced for deep ITM (resp. deep OTM) strikes, for which left
(resp. right) skewed and fat tailed distributions are observed, whereas for
almost ATM strikes the distributions are closer to normality.

1"For strike s = 1.04 the interquantile range is highly skewed, with the median very
close to the lower bound.
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ii) Structural parameter

Although the focus of this paper is on estimation of conditional moments
corresponding to derivative prices, it is interesting to consider also the results
for the estimator of structural parameter #. In Table 2 we display the mean,
the median, the standard deviation and the 95% - 5% interquantile range of
estimator 6.

[Table 2: Structural parameter, maturity 2, sample size 250]

The estimator of each component is downward biased for sample size T =
250, especially for parameters vg, v, V5. The medians are also below, but
closer to, the true values 6y. The estimators feature large standard deviation
and wide interquantile ranges. These results are confirmed by the histograms
of the estimates, which are displayed in Figure 9.

[Figure 9: Histograms of estimated structural parameters]

The finite sample distributions of parameters vy, v;, vs are highly non-
normal, in particular skewed to the left, with fat tails. The distribution
of parameter v, instead, is closer to a Gaussian distribution (even if it is not
very accurate). This difference in patterns of the finite sample distributions
reflects the different rates of convergence of the estimators, which are the
parametric rate T2 for v5 and the nonparametric rate (ThT,ThU,T)l/ 2 for Vo,
v1, vs. These different rates of convergence are a consequence of market in-
completeness, which cause parameters v, v1, Vo related to the risk premium
for stochastic volatility to be full information non-identifiable.

6 Concluding remarks

The aim of this paper was to explain why the standard GMM approach is not
appropriate for derivative pricing in an incomplete market framework, even
if the stochastic discount factor is specified parametrically. The difficulty in
applying the GMM in such a framework is due to two fundamental market
conditions: lack of liquidity and incompleteness. On the one hand, lack of
liquidity of some assets, such as derivatives, implies that the corresponding
no-arbitrage moment restrictions are local, that is valid for a given value of
the conditioning variable only, instead of uniform, as for liquid assets. On the
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other hand, market incompleteness implies that risk premium parameters are
not necessarily identifiable from historical data on the prices of liquid assets,
but some of them can only be deduced from less frequent cross-sectional
observations on derivative prices.

These difficulties of the standard GMM are solved by the Extended
Method of Moments (XMM), which explains how to appropriately account
for both uniform and local moment restrictions from liquid and less liquid as-
sets, when the risk premia parameters are possibly full information unidenti-
fiable. The XMM approach allows for efficient estimation of derivative prices
and for consistent estimation of risk premia, even if the number of observed
derivative prices is small.

Lack of liquidity and market incompleteness show up in some non-standard
properties of the XMM approach. Indeed, the inclusion of both local and uni-
form moment restrictions implies different rates of convergence for the dif-
ferent risk premia parameters. In particular, these rates of convergence are
nonparametric when identification is ensured only by the infrequent cross-
sectional observations on derivative prices. Moreover, the confidence bands
for estimated derivative prices are much wider than usually reported in both
the theoretical or applied literature.
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APPENDIX 1

Semi-parametric efficiency bound
We derive below the expression of the semi-parametric efficiency bound
by considering the linearization of the nonlinear constraints around the true

value. The moment conditions defining the (kernel) moment estimator can
be linearized around 6 = 6,:

VTE [g1(Y, X;0)] ~ VTE [0u(Y, X;600)] + Eo lg‘gl (Y, X: eo)}ﬁ(e—eo),

E 3 9
ThiElga(Y;0)|zo] = +/ThTE [g2(Y; 60)lwo] + TthEo[a?(

Y 90) |$0:| (9 — 90) s
ThiE[a(Y;0) — Blze] ~ \/TheE[a(Y;00) — Bolzo] + \/ThdEq {gg (Y:6,) m} (6 — )

Thi (B — B) -

Let us introduce the change of parameters:

0= (F RZ)<Z;).

Then we get:
~ =~ 991\ 0
VTE [g1(0)] ~ \/TE(91)+E0<89/>R‘/T(”1—U1),
T B @)fan] = \/TIE (o) + /10 (22100 ) RV (1~ )

0 /
+FEq <ag2| ) Rz Thg“ (772 - 778) )
ThiEa(0) — Blze] ~ +/ThLE (a — Bylzo) + \/7Eo < ) )

da
1 E, <ae‘ )RZ,/Th Th (B = B) -

It is known that the moment estimator corresponding to the optimal weight-
ing matrix is asymptotically equivalent to the GLS estimator of the linear
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system:

VTE (g1) B (%) B 0 0 VT (1, — )

VThEE (go| o) ~ 0 Eo (%|xy) Ry 0 VTh (n +U,
Th,gﬂE (CL — 60|$0) 0 EO a_;,|l,0 RZ —IdL \/ Th% 6 60

where the error term U is zero-mean, with variance:
(Vi 0
where:

T—o0

N — 1 ( Vo (g2|x0) Covg (927a‘x0) )

T
1
— Y., X;: 0 =
ﬁ;gl( nXeifo) - Fx(z0) \ Covy (a,gslw0) Vo (alzo)

and the asymptotic correlation between the sample moment and the kernel es-

timator is zero. Thus estimators /T (7, — 9) and VThe (772 ng,g — ﬁo)
are asymptotically normal, independent with asymptotic variances:

Vas [VT (i = )] = lﬁEﬂ (a_g;) Vi <8g1> R} _1’

00 o0’
and:
’ -1
Y il
Vas [\/Tth(Tl 3 )} Eo(\Geflwo) Bz 0\ oy [ Fo oflwo) Rz 0 |
ﬁ ﬁ EO %Wo RZ —Id Eo W‘xo RZ —1d

respectively. In particular the semi-parametric efficiency bound is the lower

L x L block of matrix V, [\/Th‘% (?7\2 — 778,3 - 60)}.
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APPENDIX 2
Information based estimator
The aim of this Appendix is to derive the asymptotic expansion of the

objective function and of the estimators, in order to prove the asymptotic
nonparametric efficiency of the information based estimator (Proposition 3).

i) Concentration with respect to functional parameter

Let us introduce Lagrange multipliers A, 149, A, pty, t = 1,..,7. The La-
grangian function is given by:

Lo ] Z | [f@:;izwf L2l [1os [0/ Fuleo)] )y

. Zu ( [ wa- 1) ~ hsg ( [ rway - 1)

T
-2 > [ stworr =183, [ a0 Wy

]

The first order conditions w.r.t. functional parameters f;, t = 1,...,T, fo are:

[ft(y>_f/\<y|xt>] = L —ut—)\;g(y;e) =0, t=1,..1T,

fylzy)
1+ log (f°()/ Flylo)) — o — Nogals0) = 0,
that are:
fiy) = Flyle) +mfled) + Ng(y 0 Fyle), t=1,..T, (A1)
15) = Flylwo) exp (Ngalys6) + o — 1) (A2)

The Lagrange multipliers are deduced by the constraints. From (A.1) we get:

/ Fly)dy =1 e p = -\, / 9(y:0) F(ylw0)dy.
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and:

/ 9(y;0) " (y) dy = 0

— / o(y:0) Flyle)dy + / oy 0)Flae)dy + [ o(y: 0)g(y: 0) Flylae)dy - A = 0
— e [/ Foleody— [ otw0Fulray [ g(y;m’f(ym)dy}

-/g(y; 0)f(yle)dy, t=1,..,T.

—

Similarly from (A.2) we deduce the value of Lagrange multiplier y,:

/ Oy dy = 1 = oxp (1 — ) = / 20520 £y o)y

Thus, from (A.1) and (A.2), py, A, iy, t = 1,..., T, can be eliminated to get
the concentrated functional parameters:

~

0 = Fle) = E(g0)w) V(9@)la) ™" |9(y:0) = B (9(0)]w)]| Flylao),
t = 1,..,T,

0y 0. 0) — ~exwogz(y;@) Flylwo). A3
17 (30, 20) E(eprggz(eﬂxo)ﬂy'xO) (A-3)

where E(.|z) and V (.|z) denote the conditional expectation and the con-
ditional variance w.r.t. the kernel density, respectively. The concentrated
objective function becomes:

L.(6,%) = Z O)ze) V (9(0)|ze) ™" E (9(0)]o)
—hT logE (exp )\Ogg( )|:c0) )

Then the information based estimator is such that 6 is solution of the saddle
point problem [see Kitamura-Stutzer (1997) in a marginal framework]:

/é — arg Ij%ln Ec(ea )\0 (9))’
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where:
No () = argmax L.(0, ho) <= E (ga(6) exp o (6) g2(6) [0 ) =0,
0
and the conditional density estimators are:

Bllz) = fi(:0), t=1,..T,
J/C:)(-‘l’o) = f; /9\/):) /):0:)\0(5).

ii) Asymptotic expansion of the concentrated objective function

Since the conditional moment restrictions are satisfied asymptotically, we
have A\g — 0, when T" — oo. Therefore we can consider the second order
asymptotic expansion of function L.(, \¢) in a neighbourhood of 6 = 6,
Ao = 0. Let us first derive the expansion w.r.t. \g. We have:

log £ (exp ABQz(‘DIJSo)
1 = 1 I Aad !
~ log [1 FXE (02(0)]r0) + 2 0E (52(0)6:(0) 0 Ao]
)~ 1./~
~ AE (92(0)|x0) + 5)\0‘/ (92(0)]20) Ao.

Therefore we can asymptotically concentrate w.r.t. Ag:

Ao = =V (g2(0)|z0) " E (92(6)]0) . (A.4)

and the asymptotic expansion of the concentrated objective function be-
comes:

Le0) =~ TZE 0)lz) V (9(0) )" E (9(6)|1)

+5hTE (92(0)]20) V (92(0)|0) ™" E (92(6)]0) -

Let us now consider the expansion around 6 = 6,. We have:

E g(0)ke) = E(g(80)len) + Eu (o5 (60 ) (0~ 6o).
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V (9(0)]ze) = Vo (9(600) | z2).
and similarly for the expectations of function g,. Thus we get:

!

X _Tz{ ol + B (5 1) (660} Valg o)™ (29

{B el + 50 (55 1) 0~ 00}

1 0 _
+§th{ (92]20) + Eo (832 | xo) (0 — ‘90)} Vo (g | 7o)~

9]
{ (92|0) + Eo (agz | xo) (0 — 90)} ;
where functions g, go are evaluated at 6.
iii) Asymptotic expansion of [

In order to derive the asymptotic expansion of /9\, we have to carefully distin-
guish the directions of § converging at a parametric rate (respectively, at a
nonparametric rate). Let us introduce the change of parameter:

n=R'0= (77'1,77'2) :

where Ry = (é R) and R is a matrix whose columns span the null space
Ny [see Section 2.1.2]. Then we have:

dg dg ~
Ey (88 )(«9—90):E0 (%|xt>R(n1—n?).

We get:
Le(n)

- TZ{ (ol + Ba (24 B =) } Vo gl
{B el + £ (o) B a8) )
316 { B (ko) + B (Solan) B o = o) + o (Sl )R(ﬁz—"@}/
Vo(g2|x0)_1{ (gal0) + Eo (ZZQ| )E(nl %) + Eo (ZZQI:U0>R(?72—U8)}-
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The asymptotic expansion of 7; can be obtained from the maximization of the
first term in £.(n) since the contribution of the second term is asymptotically
negligible. We get:

-1

1 =~ 3 ' — 5’ =~
= > RE <a—%|xt) Vo (glz) ™ Eo <a—9g,|:nt) R

~

1 ZE’EO @—gepst) Vo (glae) ™ /g(y;ﬁo)f(ylxt)dy-

ﬁ(ﬁl—n?) = -

Thus 77, converges at a parametric rate.

The asymptotic expansion of 7, can be deduced by the maximization of
the second component of L.(n). Estimator 7, converges at a nonparametric
rate and thus terms involving (7, — 79) can be neglected. We get:

/

% , dg _ g -
\/ Th (7, —n3) =~ — [R Ey (a—;|$o) Vo (g2|z0) " Eo (a_;|$0) R}

R Eo (2100 ) Vo loo) ™ T3 [ an(s60) Pzt
(A.5)

iv) Asymptotic expansion of ﬁ)(.\xo)

Let us consider the expansion of f%(y;6,)) in (A.3) around Ay = 0. We
have:
1+ ) 0) ~
A0 )
14+ Ao E (92(0) |0)
1406 (92 (4:0) = Ega(0)o) ) | Flylao)

f(ylzo)
~E (g2(0)|20) V (92(0) 20) ™" (02(4:0) = E (02(0)I0) ) Flylo),

fo(y;e,)\o) =

12

12
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from (A.4). Thus we get:

J?o(y|$o)
= fo(y;@ X0)
~ Flyleo) = B (9@)iwo) 7 (0:0lo)  (00(6:0) ~ B (sa@lo) ) Flwlzo)

= f(y|930)—E 92(5)|930) Vo (92]m0) ™ 92(y§90)f(y|930)- (A.6)

/N

Moreover:

E (gg(a)kno) ~ 92(y; 600) f y|xo)dy + FEy (ggﬂ 0) (5— 6’0>

0 N
/92 y; 00) f (y|0)dy + Eq <ag? ) R (7, —n3)

since the contribution of 7j; — ! is asymptotically negligible)

Id — M)/gz(y;ﬁo)f(ylxo)dy,

12

(
(
from (A.5), where:
95 , [ dqg. . [9g -
M = Ej E Ey| = R
(5’9 | O)R[R 0(89 |930)V0(g2|$0) 0<8«9 |930
/ dg. _
‘R Ey (8«9 |$0) Vo (92\360) 17

is an orthogonal projector for the inner product Vj (g2|x0)71. After replacing
in (A.6) we get:

ﬁMm>:fmm%¢Mmmm%ﬂwwmﬁumw@/ﬁwmﬂwmw
(A7)

v) Asymptotic expansion of the moment of interest
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We have:

E(alxg)
_ /a(y;a)]?o(ykﬂo)dy

= [ atysto) oty + [ Sz 00) 1wty (5 - 00)
+ [ atys60) [Fatuleo) — )] dy

12

00
+ [ aty30) {Flol0) = F(uhon) ~ Flolzo)galv: o) Vo geloo)

0 .
E(a|:n0) + Ey <_a,|l'0> R (772 - 778)

- | g2<y;eo>f<y|xo>dy} dy  [from (A7)

_ a g, (29 o (P20 Y Rl
= E(a,|£l’,‘0) Eo (a@l |l’0> R |:R E() (80 |l’0> ‘/0 (gg|l'0) E() (88, |l’0> R:|

~

‘R Ey <%—%Ixo) Vo(gzlwo)l/gz(y;ﬂo)f(yh“o)dy [from (A.5)]
+ [ atwito) [Flwleo) - f(g1a0)] dy

~Cot (e, gle) Vo galo) " (1d = 1) [ ga(v:00) Flola)iy.
Thus we get:
E(alzo) — E(alxo)
= [ alys 0)6(yhau)dy — o (0, galan) Vi (loo) ™ [ s 6003wl

0 _ 0
- [Eo (a—;‘fco> R — Couvg (a, ga|0) Vo (galz0) ™" Fo (ﬂ\%) R]

. (dg. . 0 -
. |:R EO (%kﬁo) ‘/0 (gg|$0) ! Eo <a—'g?|$o) R:|

~

/ dg. _
o (2100 ) Va o)™ [ an(y50)07 01w (A8)

where d f (y|xo) = f(y|xo) — f(y|zo)-
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vi) Asymptotic distribution of the estimator

Let us finally derive the asymptotic distribution of the conditional moment
estimator E(a|zg). In the asymptotic expansion (A.8), the first two terms in-

~ ~

volve the residual of the regression of [ a(y; 6o)d f(y|zo)dy on [ g2(y; 00)0 f (y|xo)dy.
This residual is asymptotically independent of the third term. Thus we get:

ﬂ? | Blalan) = Elalan)| - N(0,W(z0) fx (o)),

where the asymptotic variance is such that:
W(zg) = Volalze) — Covg (a, ga|xo) Vo (92|$0)_1 Covg (g2, alzo)
da _ 0
+ [Eo <%|530> R — Covy (a, g2| o) Vo (92|70) ™" Eo (ﬂwo) R}

o0
, dg. _ 0
. |:R EO <%‘.ﬁl]0) ‘/0 (gg‘xo) ! E() (a—?‘xo) R:|

-1

0 B 0 '
. [Eo (a—;kﬁo) R — Covg (a, ga|0) Vo (g2]70) ™ Eo (a—gﬂxo) R} -

Since W(xo)/fx(xo) corresponds to the (kernel) nonparametric efficiency
bound B (zo, a) [see Proposition 2], the (kernel) nonparametric efficiency of
the information based estimator is proved.
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APPENDIX 3

Identifiability in stochastic volatility model

In this Appendix we consider the identifiability of structural parameter 6
in the stochastic volatility model. Specifically we check Assumption A.2* and
provide the expression of matrix R defining the directions of full information
underidentification.

i) Computation of matrix R

The null space Ny associated with the uniform restrictions is the linear space
of vectors v € R* such that:

Eo (( ! ) OMitir gy | yt> v=0, V. (A.9)

€XP T4l o0

We know that 6, satisfies the no-arbitrage restrictions:

1 1
Ey (Mt,t+1 (90) ( eXp i1 ) ‘yz‘) = ( 1 ) T

We deduce that any 6 = 6y + ve, where ¢ is small and v satisfies (A.9), is
also such that:

1 1
Ey (Mt,t—H (9) ( exXp Ty ) |yt) = ( 1 ) TS

at first order in €. Therefore the vectors of Ny are the directions df =
0 — 0 of parameter changes, which are compatible with no-arbitrage. From
Proposition 4 and equations (25) the parameters 6 which are compatible with
no-arbitrage are characterized by the nonlinear restrictions:

vo = —b(v1+vsy—13/2),
ve = —a(vi+vsy—v3/2),
vy = v+1/2,

where v is a parameter of the DGP considered as fixed. In particular, v = 1/2
for the DGP considered in Section 5. Therefore:

vo = —b(r1),
vy = —a(vy),
Vg = 1.
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Thus the tangent set is spanned by the vector:

dvo/dvy —db (v1) /dvy —01ran
v — dl/l/dl/l i 1 i 1
| dvg/dvy | | —da(vq) Jdve | —pm
dVg/dVl 0 0

Therefore matrix R is given by:

R= . . (A.10)

ii) Check of Assumption A.2*

Let us now verify that Assumption A.2* is satisfied when the conditional
restrictions include the observed price of a European call. We have to prove
that:

oM
E( L <eo><exprt+l—s>+|yt0)R7éo, Vs > 0.

In fact we have:

oM,
Ly ( agfﬂ (0o) (expriy1 — 5)+ | yto) R
= —Eo (M1 (0o) (exprips — s)" (1,071, 0%, 7001) B | yo)
c 1
= |0 + o | Bo (M4 (0 — 8"
P ] B O 00 (i =) )

—Ey (Mt,t+1 (00) (exp i1 — 5)+ U?+1 | yto) :

From (26) we have:

5 c n 1
1+ cvy ,0(1 + cvq)?

afo = p*a?o +0"c" = Et("g [afﬂ} ,

where () denotes the risk neutral distribution, whereas from the Hull-White
formula:

EO (Mt,tJrl (90) (eXp Tt41 — S)+ ‘ yto) = Et? [BS (17 S, 0-?+1)] )
Ey (Mt7t+1 (6o) (exprips — s)* afH | yto) = Efg [afHBS (1, s,afﬂ)} )

o1



Thus we get:

oM,
Ey (—agfﬂ (60) (exprirs —s) " | yto) R = —Covj; [07,1, BS (1,5,07,1)]

which is negative since the Black-Scholes price is an increasing function of
volatility.
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Table 1

Maturity: h=2,

Sample size: T=250

Derivative price § = F (a(s)|y,) (x100)

Strike s = 0.95

Strike s = 0.96

True price Nonparametric Bound True price Nonparametric Bound
5.007 4.990 — 5.026 4.029 4.014 — 4.043
Mean 95% confidence interval Mean 95% confidence interval
5.029 4.904 — 5.154 4.046 3.944 — 4.148

Median | 0.05-quant. | 0.95-quant. Median | 0.09-quant. | 0.95-quant.
5.035 4.921 5.121 4.047 3.958 4.125

Strike s = 0.97

Strike s = 0.99

True price | Nonparametric Bound True price | Nonparametric Bound
3.079 3.070 — 3.088 1.419 1.413 —1.424
Mean 95% confidence interval Mean 95% confidence interval
3.089 3.029 — 3.150 1.413 1.376 — 1.451

Median | 0.05-quant. | 0.95-quant. Median | 0.05-quant. | 0.95-quant.
3.089 3.037 3.138 1.413 1.382 1.443

Strike s = 1.01

Strike s = 1.03

True price | Nonparametric Bound True price | Nonparametric Bound
0.424 0.419 — 0.429 0.089 0.084 — 0.095
Mean 95% confidence interval Mean 95% confidence interval
0.426 0.392 — 0.459 0.087 0.048 — 0.125

Median | 0.05-quant. | 0.95-quant. Median | 0.05-quant. | 0.95-quant.
0.426 0.395 0.452 0.087 0.053 0.119

Strike s = 1.04

Strike s = 1.05

True price Nonparametric Bound True price Nonparametric Bound
0.037 0.031 — 0.044 0.015 0.010 — 0.022
Mean 95% confidence interval Mean 95% confidence interval
0.035 0—0.077 0.014 0—0.045

Median | 0.05-quant. | 0.95-quant. Median | 0.09-quant. | 0.95-quant.
0.031 0.031 0.074 0.009 0.000 0.044

o8




Table 2

Maturity: h=2, Sample size: T=250

Parameter 6

True | Mean | Median | Stand. dev. | 5% / 95% quant.

vo (x10%) | —3.37 | —10.0 | —5.08 19.5 —38.8 / 0.36
2 10 4.78 6.57 16.4 —17.6 / 16.0

2 —8.498 | —124 | —8.63 16.9 —45.6 / 1.38

Vs 1 —0.30 | 0.10 5.58 —10.5 / 9.05
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Figure 1: Simulated series of return ; (upper Panel) and volatility series oy

(lower Panel) for the ARG stochastic volatility process.
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Figure 2: Implied Black-Scholes volatility (annualized %) as a function of
the moneyness strike s for a European call with residual maturity h = 1.
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Nonparametric efficiency bound
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Figure 3: Nonparametric efficiency bound (limited information) for a FEu-
ropean call with maturity 1. The solid line corresponds to the price
E (a(s)|y, ), the dashed lines to pointwise confidence intervals E (a(s)|y,) =

1.96\/%7%8(%0, s)1/2.
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Figure 4: Nonparametric efficiency bound (limited information) for a Eu-
ropean call with maturity 60. The solid line corresponds to the price
E (a(s)|y, ), the dashed lines to pointwise confidence intervals E (a(s)|y,) +

1.96%}1%6(%0, )12,
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Figure 5: Nonparametric efficiency bound (mixed information) for a Eu-
ropean call with maturity 1. The solid line corresponds to the price
E (a(s)|y, ), the dashed lines to pointwise confidence intervals E (a(s)|y,) +

1.96\/§)T2T6(yt0, )12,
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Figure 6: Nonparametric efficiency bound (mixed information) for a Eu-
ropean call with maturity 60. The solid line corresponds to the price
E (a(s)|y, ), the dashed lines to pointwise confidence intervals E (a(s)|y,) +

1.96%}1%6(%0, )12,
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Figure 7: Nonparametric efficiency bound (mixed information) for a Euro-
pean call with maturity 60 when prices of calls with maturity 20 are observed.
The solid line corresponds to the price E (a(s)|ys, ), the dashed lines to point-
wise confidence intervals F (a(s)|ys,) & 1.96—2—B(yy,, )12,
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Figure 8: Information based XMM estimator: histograms of estimated deriv-

ative prices.
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