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Abstract

We suggest a semi-nonparametric estimator for the entire call price surface based on a
tensor-product B-spline. To enforce no-arbitrage constraints in strike and calendar
dimensions we establish sufficient no-arbitrage conditions on the control net of the tensor
product (TP) B-spline. Since these conditions are independent of the degrees of the
underlying polynomials, the estimator can be parametrized with TP B-splines of arbitrary
order. We derive consistency and explore the statistical efficiency benefits from surface
estimation. As an application, we estimate families of state price densities and a local

volatility surface for S&P500 option data.
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1 Introduction

Option prices bear information on the risk factors driving the underlying asset price process. This
information can be exploited to price other, more complex contingent claims consistently with
the market, to study policy events, and to learn about the risk perception and risk attitude of the
representative agent in the market. Accordingly, for extraction of the information content inherent
in option prices, numerous strategies have been suggested to estimate an option pricing function

from an ensemble of observed option price data.

Unlike other financial instrument data such as stocks, futures, and bonds, option price data have
the particular feature that a number of expiry dates across different exercise prices are traded con-
currently. This feature allows the simultaneous study of cross-sections of option price data over
various time horizons. Jackwerth and Rubinstein (1996) and Ait-Sahalia and Lo (1998), for exam-
ple, compare the state price density implied from option prices across different expiry dates, while
Jackwerth (2000) and Bliss and Panigirtzoglou (2004) study the empirical pricing kernel and the
implied risk aversion in a similar way. An assumption that is implicit in many of these studies
is that option prices observed contemporaneously over multiple time horizons are thought of as

realizations from a smooth surface defined across exercise prices and expiry dates.

In this paper, we propose an estimator for a European-style option pricing function that explicitly
accounts for the surface structure of option data, i.e., we not only estimate a single option pricing
function, but an entire option pricing surface across all available strikes and expiry dates. Since
option data often are sparsely distributed, which might lead to ill-posed estimation problems, we
additionally study a regularized version of the estimator that behaves in a numerically benign way.
Both versions of the estimator are based on a tensor product (TP) B-spline of arbitrary degree and
therefore belong to the class of semi-nonparametric estimators. As required by financial theory,
we formalize sufficient no-arbitrage constraints across both the strike and the expiry dimension to

warrant that the resulting estimate is free of arbitrage.

Accounting for the surface structure when estimating an option pricing function under shape con-



straints has rarely been achieved in the literature so far. In fact, it is common practice to estimate
the option pricing function for each expiry date independently, i.e. “slice by slice”, usually in
combination with some interpolation of the data across the expiry dates. The simplest approach
would be to specify a suitably flexible risk-neutral density from some parametric family and to
minimize a cost functional of model and market prices of a fixed expiry date.! But most non-
and semiparametric contributions for estimating the option pricing function also act on each ex-
piry date separately.”> On the other hand, common two-dimensional models, such as Ait-Sahalia
and Lo (2000), Cont and da Fonseca (2002), Fengler et al. (2007), Giacomini et al. (2009), and
Audrino and Colangelo (2010), do not accommodate financial no-arbitrage constraints. Pioneer-
ing approaches to include no-arbitrage constraints for surface estimation are Benko et al. (2007)
and Glaser and Heider (2010) who employ locally polynomial estimators. Neither study, however,
analyzes the asymptotic properties of the constrained estimators, nor do they attempt to assess the
statistical efficiency benefits associated with implementing no-arbitrage constraints in the time-to-
expiry dimension. Exploiting a projection framework for constrained smoothing by Mammen et al.
(2001), we prove consistency of the estimator and provide an upper bound for the rate of conver-
gence, which is Stone’s optimal rate for unconstrained estimates. Through simulation results we
show that aside from strike no-arbitrage constraints, substantial efficiency gains can ensue from

additionally implementing time-to-expiry no-arbitrage constraints.

Naturally, usage of polynomial regression splines, such as B-splines, to estimate the option pricing
function or the state price density is not new in itself; see Wang et al. (2004), Yatchew and Hérdle
(2006), Fengler (2009) and Monteiro et al. (2008), Hirdle and Hlavka (2009), Laurini (2011).
Yet our implementation strategy differs crucially from previous work. Rather than imposing the
no-arbitrage constraints directly on the unknown regression function as does the extant literature,

we derive sufficient conditions for no-arbitrage on the control net of the TP B-spline. The notion

ISee Abadir and Rockinger (2003) as a prime example of such an approach, but the literature on alternative para-
metric specifications is vast. We refer to Jackwerth (2004) for a comprehensive account.

2See Jarrow and Rudd (1982), Madan and Milne (1994), Jackwerth and Rubinstein (1996), Jondeau and Rockinger
(2001), Ait-Sahalia and Duarte (2003), Bondarenko (2003), Wang et al. (2004), Yatchew and Hirdle (2006), Monteiro
et al. (2008), Birke and Pilz (2009), Fan and Mancini (2009), Fengler (2009), Hérdle and Hlavka (2009), Yuan (2009),
and Grith et al. (2013); see Garcia et al. (2010, Section 5) for an excellent account of this literature.



of the control net, which is the set of points having certain averages of the knot sequences as
abscissae and the B-spline coefficients as ordinates, originates from the Computer Aided Geometric
Design literature, where spline curves rather than spline functions are studied. In some sense the
control net spans the shape of the TP spline surface. As an important property, it is independent
of the degree of the B-spline, thereby allowing for B-splines of arbitrary degree to be used for
estimation (up to numerical limitations). This is in stark contrast to the aforementioned literature
that is confined to employing at most cubic splines, given the complexity of imposing no-arbitrage
constraints, such as convexity. Nevertheless, the no-arbitrage conditions on the control net are
linear, which is in contrast to many other methods where constraints can assume quite involved
forms. Constrained estimation can therefore be carried out by standard quadratic programming
techniques. Remarkably, as it turns out, the sufficiency conditions also nicely embed as a special
case recent theoretical results from Carr and Madan (2005) and Davis and Hobson (2007), which
were obtained for linear option price surfaces. They thus have a natural interpretation in the context

of the mathematical finance literature.

The study is structured as follows. The next section gives an overview on no-arbitrage constraints
on the call price surface. In Section 3, we present the TP B-spline estimator and study the con-
sistency. Least squares implementation under sufficient no-arbitrage constraints and optimal knot
placement are discussed in Section 4. Simulations exploring the efficiency of surface no-arbitrage
constraints and the choice of the regularization parameter are given in Section 5. Section 6 demon-
strates the estimator for various applications, and Section 7 concludes. An appendix offers basic
facts about B-splines, details the consistency proofs, and presents further supplementary results on

monotonicity constrained smoothing.

2 Properties of an arbitrage-free call price surface

In this section, we summarize the no-arbitrage constraints on a European style call price surface
for future reference. We focus on call options only, since from the put-call parity it is easy to

obtain the corresponding put constraints. Before deriving the constraints, we transform observed



call prices under a homogeneity assumption. More precisely, we express them as compounded call
prices relative to the forward and estimate them as a function in terms of forward moneyness and
time-to-expiry. The purpose of this transformation is twofold. First, from a statistical perspective,
we resolve a potential nonstationarity issue, when the underlying asset price process is assumed to
be nonstationary (Gouriéroux et al., 1995; Renault and Touzi, 1996). Second, the transformation
will substantially alleviate the constraints implementation for the estimator. Consider, e.g., the
case of a constant interest rate r. The no-arbitrage slope of the zero-strike call is then —e™ and
hence is a function of time-to-maturity y. A surface estimator must account for this. As it turns
out, no-arbitrage shape constraints assume particularly convenient forms under this transformation

even in the presence of deterministic interest rates and dividend yields.

2.1 Transformation under homogeneity

By the fundamental theorem of asset pricing, no-arbitrage implies the existence of a risk-neutral
probability measure under which the discounted stock price process is a martingale (Dalang et al.,
1990). This measure may depend, aside from the underlying asset price, on further state variables,
such as latent volatility factors. At time O, the price of a European-style call option with strike

price X to be exercised at some future date y can be written as

CO(SOa X’ Y, Ty, 5)1) = e_rny[(Sy - X)+|7:0]

g fo (S, - X)" Q,(dS,) . (1)

where r, is the risk-free interest rate and ¢, the dividend yield of the asset (both from 0 to y) .
Both rates are assumed to be at most functions of time. By u* = max(u, 0), we denote the call
payoff, and E[-|F] is the expectation conditional on the time-0 information set F, taken under the

risk-neutral measure Q.

For estimation of the option pricing function Cy(S, X, y, ry, 6,) simultaneously across strikes and
several maturities, we transform observed call price data under a mild dimension reduction as-

sumption and a homogeneity assumption. First, following Ait-Sahalia and Lo (2000), we assume



that Cy is not a function of (S, ry, 0,) separately, but depends on these variables through the for-
ward price F’ (y) = "9V S, times a discount factor. More precisely, we assume Cy(S g, X, y, Iy, 0y) =
eCo(F), X,y). Second, we presume that Cy is homogeneous of degree one in strikes and the
forward.> Defining the strike measured in forward moneyness terms by x = X/F>, homogeneity

allows us to write
Co(So, X, y, 1y, 6y) = e " FyCo(l, x,y) ()

which implies the notation
ey C()(S 0, X, Y, Iy, 5))
Fy

= E[(M, — x)"|F,] = f (M, — x)Q,(dM,) . 3)

Z(Xa)’) = CO(I’x7y) =

Here, M, = S,/F} denotes the moneyness process relative to time 0. Note that M, is a martingale
under Q. In (3), z(x, y) is the time 0 compounded call price surface relative to the forward and mea-
sured in forward moneyness x and time-to-maturity y.* As is obvious, under these transformations
the shape constraints on the option pricing surface take the same form as in a situation with zero

interest rate and zero dividend yield.

2.2 No-arbitrage conditions for the call price surface

Across strikes, necessary no-arbitrage shape constraints of the call price function are very well-
known; see, e.g., Ait-Sahalia and Duarte (2003) for a thorough account. Necessary calendar arbi-
trage constraints for European options, similar to those known for American-style options, were
first obtained by Reiner (2000) and Gatheral (2004). A rather recent literature established suffi-

cient shape constraints on a call price surface. In Carr and Madan (2005) and Davis and Hobson

3Implications of this homogeneity property, first discussed in Merton (1973), are found in more detail in Garcia and
Renault (1998a;b), Bates (2005), Alexander and Nogueira (2007), and Garcia et al. (2010, Section 2.1). As outlined
in Renault (1997, Proposition 2) a necessary and sufficient condition for this homogeneity property to hold is that the
pricing measure does not depend on F3, i.e., under the pricing measure, future returns and the current asset price are
independent conditionally on the current information set. This assumption does not exclude leverage effects. For a
given informational setting, it “must be understood as a non-causality relationship in the Granger sense between the
current [forward] price and future returns [...] and not as independence property” (Renault, 1997, pp. 244).

4This transformation also appears in Davis and Hobson (2007), but without reference to the homogeneity property.
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(2007), for the case of a discrete ensemble of call options, and in Roper (2010), for the case of a
continuous call price surface, sufficient shape constraints are derived. These constraints are shown
to imply the existence of a (non-negative) Markov martingale M, with M, = 1 on some stochas-
tic basis such that z(x,y) = E[(M, — x)"|F] for every (x,y) € [0,00) X [0,00). Hence, by the
fundamental theorem of asset pricing, the call price surface does not admit arbitrage. Due to the
assumptions and transformations outlined in Section 2.1, we can summarize the necessary and suf-
ficient no-arbitrage constraints by citing Theorem 2.1 of Roper (2010), who assumes absence of

interest rates and dividend yields.?

Proposition 2.1 Define the function
z:[0,00) X[0,00) > R

such that z(x,y)

(C1) is convex in x for all y > 0,

(C2) is bounded according to
(1-x"<zlx,y <1, 4)

forall x >0,y >0,
(C3) obeys z(x,0) = (1 — x)* for all x,
(C4) has lim,_, z(x,y) = 0 forall y,

(C5) and is monotonic in 'y for all x > 0.

Then

(i) there exists a non-negative Markov martingale M, such that
z2(x, ) = E[(M, — x)"|Fo]

forall x,y >0, and

SWe present the theorem in a slightly less general version than in Roper (2010).
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(ii) under no-arbitrage, z(x,y) fulfills properties (C1)-(C5) for all x,y > O.

Proof (i) We only sketch Roper’s argument here. For each fixed y, (C1)-(C4) give rise to a com-

plementary distribution function, which defines a measure Q, such that

2x,y) = fo (v =07 Qydv) . (&)

The key now is that (C5) implies that the measures Q, indexed by y form a family of measures
which is in convex stochastic order. It then follows from Kellerer (1972, Theorem 3) that there

exists a Markov martingale M, with marginals given by Q,.

(i) (C1)-(C4) are obtained from elementary arbitrage considerations. (C5) follows from noting

that for 0 <y; <y, < o0
z2(x,y2) = E[(M,, — x)*|Fo] = E[E[(M,, — x)"|F,,11F0] = E[(M,, — x)*|Fo] = z(x,y1)

by Jensen’s inequality and the martingale property. |

3 The tensor-product B-spline call price surface

3.1 Model

‘We consider the model

Zi=z20X, Y) + &, (6)

where 7o @ [x,x] X [y,y] = (0,1] is a smooth unknown call price surface free of arbitrage oppor-
tunities, {(X;, Y}, € [x, x] X LX’ y] (with lower and upper bounds x < x and y < y) are random
design points, &; is an error term, and {(X;, V}), Z;}l_, is i.i.d. as (X, Y), Z), with z9(x, y) = E[Z|x, y]

and o = Var[Z|x, y] being bounded.

The purpose is to approximate z, by a two-dimensional polynomial spline that is an element in the
space

S(p1, p2:€,v) = S(p1;€) ® S(pa; v)

9



constructed by the tensor product of two univariate polynomial spline spaces S(p1; &) and S(p,; v),
where each is defined over the moneyness and time-to-maturity dimension, respectively. More

precisely, we define

S(p1;€) = {s € C""' : 5is a polynomial of degree p;

on each (nonempty) subinterval in &} ,

where C? is the set of p-times continuously differentiable functions and & a knot sequence with

(p1 + 1)-fold coalescent boundary knots of the form

Ezgoz"'zfm <§P1+1<"'<§m <§QI+1:...:§QI+PI+IZE’ (7

defined for some integer ¢, > p;. For two integers g, > p, > 0 and a knot sequence v:

y:UOZ"':vP2<UP2+1<'”<U42<Uq2+1:"':v42+p2+1:y ®)

S(p,; v) is defined likewise. It is well known (de Boor, 2001) that S(p;; €) and S(p,; v) are spanned
by a set of nonnegative basis functions B;, , (x), j1 = 0,...,q, and Bj, ,,(), j» = 0,...,q», re-
spectively, the so called B-splines of degree p; and p, that are defined over £ and v; see Ap-
pendix A for some facts on B-splines. In adopting (p; + 1)-fold coincident boundary knots,
k = 1,2, the support of the basis functions is contained in [x,x] and [y,y]. It then follows that
S(p1, p2; €,v) has basis functions Bj, ,, (x)Bj, ,,(3), ji = 0,...,q1,j» = 0,...,q,, that form a
partition of unity and are nonnegative on [x, x] X [X, yl. Any s € S(pi, p2;&,v) can be writ-
ten as s(x,y) = X% X7 0., Bjip(¥) Bjy, p,(v) with coefficients 6;, ;, € R. The dimension of
S(p1, p2; €, v) is given by J, = (q; + 1)(g2 + 1). By the notation J, we stress that as n grows we

regard finer and finer approximations to the call price surface.

We now introduce several estimators for zo. An unconstrained estimate of the call price surface Z

is defined by means of the least squares criterion

2= argmin 1 Z (Z; — s(X;, Y))* . ©)

seS(pr.péw) T4
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This estimate is likely to violate no-arbitrage restrictions. An appropriate estimate (i.e. arbitrage-

free) would be given by

1 n
2= argmin - Z (Z: - s(Xi, Y)) (10)
seSC(prpgw) 4T

where SC(p1, p2; €, v) = {s: s € S(p1,p2€,v), 0<s<1, -1 <5,<0, 5, >0, 5, >0}, where
s, denotes the partial derivative of s with respect to x. Note that in the definition of S¢ we replaced

all strict inequalities by weak inequalities to avoid open intervals.®

As we will discuss below, due to the special structure of option data, it may happen that (9) and (10)
lead to ill-posed optimization problems. We therefore additionally introduce the penalized estima-

tors

1 n
2y= argmin = Y (Z— s(Xi, Y)* + 4,107 an
seS(pr.pa:€w) M4

1 n
and 5C= argmin - Z (Zi — s(Xi, Y))2 + 4,001, (12)

seSC(pr.pagw) 1 i=1
which are well-defined for a sequence of nonnegative numbers 4,.. Here, | - | denotes the Euclidian
vector norm, and @ is the vector comprising all B-spline coefficients 6;, ;,, for j; = 0,...,q1, j» =

0,...,g>. The penalization follows the ideas of ridge regression.

3.2 Large sample properties of the shape restricted estimator

Large sample properties of unconstrained series estimators based on B-splines are well understood
and were studied by, among others, Agarwal and Studden (1980), Gallant (1982), Andrews (1991),
Stone (1994), Newey (1997), Zhou et al. (1998) and Huang (2003). An exhaustive treatment is
found in Chen (2007). Shape-restricted regression estimators, such as monotone regression esti-
mators, were explored in Brunck (1970), Wright (1981) and Mammen (1991a). Consistency and
rates of convergences for certain concave/convex regression functions were established in Hanson

and Pledger (1976) and Mammen (1991b), while the limiting distribution of a convex function at

®Strictly speaking, s = 0 would lead to arbitrage. The 0, however, can always be replaced by some small € > 0,
since the support is bounded.
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a fixed point has recently been derived by Groeneboom et al. (2001a;b). As a bottom line from
this literature, under convexity, a constrained estimate may achieve faster rates of convergence
than the corresponding unconstrained estimate. This is proved in Mammen and Thomas-Agnan
(1999) for smoothing splines. Moreover, under monotonicity as well as under convexity, the limit

distributions are involved and non-standard.

Given the multiplicity of constraints in the present estimation problem (positivity, monotonicity,
and convexity), a complete analysis of the large sample properties of the estimator is beyond the

scope of the paper. We only consider consistency.

3.2.1 Assumptions

We adopt the following standard assumptions:
(A1) 7o is r-smooth’ for some r > 3.

(A2) The design density of (x,y) has compact support, is absolutely continuous and is bounded

away from zero and infinity.

(A {(X;, Y), Z), isiid. as ((X,Y),Z), and zo(x, y) = E[Z]x, y] and 0? = Var[Z|x, y] are bounded.
(Ad) Asn — o0, J, > oo and J>/n — 0.

(A5) The knot sequences & and v have a bounded mesh ratio.?

Assumption (A1) is a typical smoothness assumptions made for series estimators, and r > 3 en-

"Denote by k an integer and set ¥ = k + 3,0 < 8 < 1. A function f on [x,X] X [y, ] is said to be r-smooth if f is k
times continuously differentiable and D*"%2 f = §%1*%2 f /3" xd*?y satisfies the Holder condition of order 8,

B2
D™ f(x3,y2) = D™ fxr,yDl < v (G2 = x)? + 02 =y

where 7y is a some finite constant, for any a; + a» = r — B with k = a; + a».
8The knot sequence £ is said to have bounded mesh ratio if

maxp<j<q+1(Ej41 — &) -

min,<jcgr1(Eje1 — &)

for some constant y (since boundary knots are coinciding, they are excluded here).

12



sures the existence of a family of continuous state price densities of zy. (A2) is standard and
required for identification. The continuity assumption on the design density may be seen critically
for conditional estimates, since on a single trading day only a discrete set of expiries is listed on
a futures exchange. It should be noted, however, that aside from listed options there typically
exist very liquid broker markets, on which other expiries are actively quoted over-the-counter.
For unconditional estimates that comprise several months of data, this issue is obviously not rele-
vant. The homoscedasticity assumption (A3) might by questioned for financial data, but is made
for ease of exposition only. Heteroscedastic error terms can be accommodated by endowing the
least squares criteria and norms introduced below and in the appendix with nonnegative weights
w(X;, Y;) that are bounded away from zero and infinity. Asymptotically, however, the model will
be locally homoscedastic by smoothness of zy. (A4) is due to Newey (1997), but can be weakened
to J,logn/n — 0; see Huang (2003). (AS5) is a regularity condition which excludes pathological

knot sequences; see Conditions A.2 in Huang (2003) for further discussion.

3.2.2 Consistency

To study consistency and the rates of Z and Z, we interpret the estimation problem within the gen-
eral projection framework for constrained smoothing suggested in Mammen et al. (2001). In this
framework Mammen et al. (2001) show that constrained smoothing is equivalent to two iterative
projections in suitably defined vector spaces. First, data Z; are projected on a vector space of
unconstrained candidate regression functions which yields 2; in a second step, 2¢ is obtained by
projecting Z on a subspace with constrained candidate regression functions. The framework, which
is described in some detail in Appendix B, is applicable whenever the unconstrained estimate can
be written as a weighted average of the Z,, i.e., as Z(x,y) = ., wi(x,y)Z; where w; > 0 are some

weights. For the TP B-splines this holds true, since the estimated B-spline coeflicients 9j are

1,J2

determined through least squares, and therefore are linear functions of the Z;.

The following proposition, which relies on S€(p, p»; &, v) being a convex set, is a consequence of

interpreting constrained smoothing as two consecutive projections.

13



Proposition 3.1 Suppose S(p1, p2;&,v) = S(p1;€) @ S(pa;v) such that py,p, > r — 1. Under
assumptions (Al)-(AS5) we have

1/2

n 1/2 n
LS e, ¥ - (X, Yi»z] < [1 3 X ¥ - (X, Y,~)>2) L0 (13)
= =
Jn ~ 1/2 ~
_o, ((; vy ) + ORI | (14)

For the penalized estimate, let A, — 0 such that /l,,léZ - stlz = Op(J,/n+J."), where 0Z5 is the
B-spline weight vector of an approximation z; in S(p1, p2; &, V) to the true regression function zo
such that (% 21 (z5(Xi, Yi) — 20(Xi, Y,-))z)l/2 = Op(J,)"); see Appendix B for further details on z;.
We then get

1/2

L3 @06, 1) - 2o, Y»)z) < [1 DG ¥ = 20(X;, Y,-))2) + O0p ((afn + J;)'12)
= =
(15)
1/2
- 0y ((J— i J,;r) ) . (16)

Proof See Appendix B. |}

The intuition of this result is evident. In projecting the unconstrained estimate on a (sub)space
obeying the required shape constraints, one ought to be at least as good as (if not better than) in
the first projection step, when constraints are neglected. Hence, ¢ and 2§ must attain at least the

convergence rates of the unconstrained estimates.

In Proposition 3.1, in the expressions Op (J,,/n + J,"), J,/n corresponds to the variance and J,” to
the squared bias of the unconstrained estimates. Optimally balancing these terms, i.e., choosing
J./n < J.7, and observing that the remainder terms in (14) and (16) are of smaller order, one
receives the optimal rate of convergence for a bivariate unconstrained function n~"/¢*Y; see Stone

(1982). In consequence, both 2¢ and 2 converge at Stone’s optimal rate as an upper bound.
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4 Least squares fitting under linear no arbitrage constraints
4.1 Quadratic programming

Given data (X;,Y;,Z;), i = 1,...,n, we denote the (¢; + 1)(q» + 1) X 1 vector of approximat-
ing functions by by, )(x,3) = (b, (x) @ b,, (7)), where by, (x) = (Bo,,(x)..... By, (x))7 and
b,,(y) = (Bop, (), -, Bg p,(»)", and by B the n X (g, + 1)(¢> + 1) matrix whose ith row is given
by by, )X, Yi) T, ie.,

B = (b (X1, Y1), ... b (X ) (17)
Furthermore, let z be the n X 1 vector of observed relative call prices and @ the (g; + 1)(g, + 1) X 1

vector of unknown coefficients. Then (10) and (12) can be cast into the quadratic program
—~ 1
@=argmin —60'DI-6"d,
0 2
subject to 25 = b" 6 € SC(p1, pr; £, V) (18)

where D = B'B + A1, d = B'z, and I is the unit matrix. We set 2 > 0 for the penalized estimator,
and A4 = 0 otherwise. In the following we will show that it is possible to formalize the condition
25 € S°p1, p2; &, v) in terms of a set of linear inequality constraints such that (18) can be solved

by means of quadratic programming, such as the Goldfarb and Idnani (1983) algorithm.

The quadratic program (18) is well-posed if D is strictly positive definite. Practically, this condition
may fail due to the quoting conventions on options markets. In contrast to univariate B-splines,
unfortunately conditions of the Schoenberg-Whitney type for multivariate B-spline approximations
do not exist that would easily allow one to check for rank-deficiency of the collocation matrix B;
see Dierckx (1993, Chap. 9.1.2) for a detailed account of this problem. In this case, we recommend

the penalized estimator. In Section 5.2 we will discuss the choice of A in more detail.

4.2 Sufficient conditions for no-arbitrage on the control net

We now discuss how to warrant that 2¢ and 25 are elements of S€(py, p»; &, v). To this end, we

develop sufficient no-arbitrage conditions on the control net associated with the knot sequences &
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and v. The control net determines the shape of the spline surface. Since the conditions imposed on
the control net do not depend on the degree of the B-spline basis, B-splines of arbitrary polynomial
degree can be handled. The constraints are formulated as linear inequalities on the B-splines coef-
ficients 6;, ;,. We emphasize that the key to constraints implementation is the choice of coalescent

boundary knots in the definitions of the knot sequences (7) and (8).
4.2.1 Control net

For two strictly increasing sequences of abscissae &, . . ., f; cand vy, ..., UZZ , the control net of the

*

surface is defined as the unique function ¢ : [£], &a XMy, vy,

] = R which satisfies the interpolation
conditions c(f;‘.],vjz) =60, 1 =0,...,q1and j» = 0,...,q, and which is bilinear on the
rectangle

Rji.jp = 15, & ] X [V, 05,41 (19)

Define a, 1(x) = (x—&)/(€,,, ~ &) and @, o(x) = 1~ 1(0) and B, () = (—v7) /W, ~ )

and B;,0(y) = 1 = Bj,.1(y). The control net over the rectangle R;, ;, is then given by

1,J2

1

1
Cirin(5)) = DD k) By r0) B ot (20)

k=0 =0
For TP B-splines the sequence of abscissae spanning the control net does not coincide with the

knot sequences & and v, but with certain averages of these known as Greville sites. The Greville

sites §;fl, Jj1 =0,...,91, and v;‘.z, Jj» = 0,...,q,, associated with the knot sequences & and v are
defined by
é_»;l — f]l*'l g]l‘*‘]’l and Uj'z _ o+l J2+p2 . (21)
’ P1 P2
The set of points (f;f], vjz, 0i.i)» 1 =0,...,q1, j» = 0,...,q> are known as control points of the

surface. This interpretation of this set of points is due to the linear precision property of the B-
spline which allows one to interpret the spline function in fact as a spline curve; see the appendix

for further details.

Figure 1 illustrates the univariate case. A cubic B-spline is shown along with a knot sequence &}, the

Greville sites f;’f and the univariate control net, a control polygon. As in (7) and (8), we choose (p +
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I)-coalescent, i.e. four-fold, boundary knots for the knot sequence. It is immediately obvious that
the spline (blue) mimics the shape of the control polygon (red). Moreover, the following pivotal
properties of the univariate B-spline can be seen (Prautzsch et al., 2002, Chapter 5.7). The spline
evaluated at the boundaries of the support coincides with the end points of the control polygon, and
the tangents of the spline evaluated at the boundaries of the support coincide with the legs of the
control polygon. These two properties hold if coincident boundary knots are chosen for the knot
sequence. Finally, since any point of the pth degree spline (x, s(x)) where x € [£;,&).1) 1s an affine
and convex combination of the p + 1 control points (£7,6)),..., (&}, ,,0j+p), the spline segment
s[&;,&;41) lies in the convex hull of these points (see appendix). For ease of visual perception, the
convex hull of the control polygons belonging to the first and the last segment of the spline are

shaded.

For a univariate spline, these properties make the implementation of strike conditions by means of
the control polygon immediately obvious. In the following, we show that the intuition gained from

Figure 1 carries over to the tensor product case. We also handle the calendar dimension.
4.2.2 Price bounds

According to Proposition 2.1, no-arbitrage relative forward prices must be non-negative and less

than one. We have

Proposition 4.1 Let z(x,y) = X X% _16),j, Bjipi(X) B, () be a TP B-spline defined on the

knot sequences (7) and (8). If

6 >0 and 6

Jisj2 = <1

Jioj2 = Lo

(22)

for j1=0,...,q1and j, =0,...,q, then 0 < z(x,y) < 1.

Proof This is a trivial consequence of the positivity property of B-splines and the fact that TP B-

splines form a partition of unity, i.e. 3::0 ijzzo Bj, p,(x) By, () = 1 for (x,y) € [x, XX [y,V]. |
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4.2.3 Bounds on first-order derivatives and convexity

The recurrence relation of B-splines due to de Boor (1972) and Cox (1972) implies that the uni-
variate B-spline over each knot interval is an affine and convex combination of its control points.
The univariate B-spline over each knot interval therefore lies in the convex hull of these points
(see Figure 1 and the further explanations and references in the appendix). A convex set of control
points therefore implies a globally convex function. As we show in Proposition 4.2 below, this also

holds true for the TP B-spline.

It follows from the assumptions in Proposition 2.1 that first-order derivatives of the call price sur-
face must be between minus one and zero. To achieve this constraint, we exploit the fact that the
slope of a univariate B-spline coincides at the boundary with the slope of the outer legs of the con-
trol polygon if the boundary knots of the knot sequences £ and v are coincident. In Proposition 4.2
it is shown that this property extends to the TP B-spline. Note that with convexity in the forward
moneyness dimension in place, it is sufficient to only constrain the slope at the boundaries of the

support, i.e. in x and x for any y.

Proposition 4.2 Let (fj.] , vj.z, 0i.o) 1 =0,...,q1, j» =0,...,q be the control points associated

with the spline z(x,y) = Z?;:o 2?22:0 0;,.i» Bj,.p.(x) B, ,,(v) defined on the knot sequences & and v.

The condition

1< 9j1+1,j2 - 6’jl,jz < 9‘/1+2,j2 - 0./'1+1,j2

<0, (23)

é:;ﬁrl B é:; §;1+2 B f;1+1
is a sufficient condition such that z(x,y) is convex x and it holds that
9z(x,
RPN (24)

ox

for any y.
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Proof For any y € [y,y], consider the iso-parameter curve across forward moneyness given by

q1 q2
26 = ) Biop () ) O B ) (25)
J1=0 J2=0
q1
= B, p(00;,6) (26)
J1=0

q

where Q;,(§) = X7 _o 0),.j> Bj».p,(9)- This is a univariate spline curve with control points (£, Q;,()),

Jj1 =0,...,q,. From the remarks preceding the proposition it is sufficient to show that (23) implies
_1gQm{”“?@)ngﬁﬁ‘%““”go.
Sin T8 Sz =8

27)

To see this, take any of the interior inequalities from (23). Multiplying with B;, ,,,(¥) and summing

overall j, =0,...,q, yields by B, ,,(¥) > O that

?22:0 B, p, () (9j1+1,j2 - gjl,jz) < Z;I;:O B, p, () (9j1+2,j2 - 9j1+1’j2) (28)
i1 ~ € Eier ™ €

which produces the inner set of inequalities. The outer inequality is obtained from the same ar-

gument and by noting that B-splines form a partition of unity. The proposition follows from the

properties of the univariate B-spline and the associated control polygon. |

4.2.4 Monotonicity

To derive sufficient conditions for monotonicity along forward moneyness, we need two results of

Floater and Pefia (1998). Due to their importance, the proofs are given in Appendix C.

First, recall that a bivariate function f is called increasing in direction d = (d;, d>) € R2?, if

f(x+vydy,y+vydy) > f(x,y) for y>0.

The following lemma characterizes an increasing control by a set of four linear inequalities.

Lemma 4.3 The control net c is increasing in direction d = (dy,d,) € R? if and only if for j, =

0,....g1—1land j =0,...,q, — 1,
dlAlgjl,j2+€ + d2A29j1+k,j2 >0, k, €€ {0, 1} (29)
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where Algjlsjz = (05415, — 9]1,j2)/('f;+1 - 'fjl) and Aqb;, j, = (01, jo+1 = 04/1’4/2)/(Uj'2+1 - Uj'z)'

Proof Lemma 2.1 in Floater and Pefia (1998); see Appendix C. |

The next results states that TP B-spline basis preserves monotonicity if the control net is increasing.

Theorem 4.4 Let the abscissae of the control net ¢ be the Greville sites (21). If c is increasing in

any direction d in R?, so is the TP B-spline z on the rectangle [£,,, €411 X [Upys Ugps1]-

Proof Theorem 4.1 in Floater and Pefia (1998); see Appendix C. |

Lemma 4.3 together with Theorem 4.4 allows the construction of an increasing control net which
is monotonic in a direction d. The transformations in Section 2, however, cast monotonicity along
a path on the surface into an axial monotonicity requirement, i.e. d = (0, 1). In this case, the four

inequalities in Lemma 4.3 collapse and we have

Corollary 4.5 Let (5} ,v5,,0),.5,), j1 = 0,...,q1, j» = 0,..., g2 be the control points associated

with the call price spline z(x,y) = 31.11:0 j{j:o 0i..j» Bj,.p () Bj, »,(v) defined on the knot sequences
Eandv. If

Ojijo+1 = 0jjp 2 0 (30)
for j1 =0,...,q1and j, =0,...,q, — 1, the call price surface z(x,y) is monotonically increasing
iny.

4.3 Further characterization of no-arbitrage conditions

The sufficient conditions for no-arbitrage have a remarkable relation to previous theoretical results.
In Carr and Madan (2005) and Davis and Hobson (2007) it is investigated under which conditions a

discrete ensemble of call prices (observed without error) is free of arbitrage.” The solution is given

9See Gope and Fries (2011) for a related approach.

20



by a bilinear support function defined on call prices and strikes which obeys the very same con-
vexity and monotonicity conditions as stated above in Propositions 4.1 and 4.2 and Corollary 4.5.

Given this striking resemblance, it is natural to ask how these results are related.

As a main difference, the Carr-Madan-Davis-Hobson conditions are directly defined on the (lin-
early interpolated) call price surface itself, whereas ours are stated on a meta-object, the control
net, which enforces no-arbitrage on the resulting call price surface. Both notions, however, become
identical when choosing a linear TP B-spline. In fact, the degree-one TP B spline surface is the
only case at finitely many knots, for which the control net and the spline surface coincide. The
Carr-Madan-Davis-Hobson sufficiency conditions are therefore embedded as a special case into

our general set of conditions allowing for surfaces of arbitrary polynomial degree.

4.4 Knot placement

Up to this point, the knot sequence has been treated as an exogenous parameter since asymp-
totically the precise placement of knots is irrelevant. Practically, however, knot placement is an

important parametrization device. We address knot placement in this section.

For estimation of the call price surface, knot selection is challenging from two perspectives. First,
it is a two-dimensional optimization problem. This fact introduces a higher degree of complexity
than usually considered in the literature. Second, rather than optimizing knots, one ideally would
like to ‘optimize’ the placement of Greville sites, since all constraints are implemented through the
control net. Unfortunately, there is no direct way to do this, because (21) maps (g, — px) interior
knots into (g; — 1) interior Greville sites, k = 1,2. As explained in Section 4.3, only for degree

p1 = p2 = 1, is this mapping invertible, since both sequences are identical in this case.

In the algorithms described below we address these two issues as follows. Taking into consid-
eration that there is comparably very little variation in the term structure, we ignore the expiry
dimension in the knot selection problem. The algorithms could be extended for a two-dimensional

case, but we expect little gains through further optimization. To our experience, typically three to
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four interior knots, depending on the length of the expiry axis and the degree of the B-spline in this
direction, are sufficient to capture the salient features of the term structure of the call price surface.
The solution of the second issue proceeds from the aforementioned observation that Greville sites
and the knot sequence coincide for the linear B-spline. We therefore start our knot search with
a linear TP B-spline. This yields an optimal knot sequence (and hence control polygon) for the
linear call price surface, but a suboptimal one for higher order B-splines. In the subsequent knot
relocation and deletion process we then employ TP B-splines of the desired degrees py, p» > 1. In
this final process, the optimal knot sequence is determined. We now give a more formal description
of these algorithms. The algorithms build with only minor modifications on schemes with adaptive

knot search and subsequent knot optimizations, such as in Zhou and Shen (2001).

Algorithm 1: Knot search

For the knot search a linear TP B-spline is used, i.e. p; = p, = 1. No-arbitrage constraints are not
imposed. The algorithm starts with no interior knots, i.e., initially the working knot sequence is
& = {0, &1, 6,83} where x = & = &) < & = & = X, and searches only over the forward moneyness
dimension. Denote by & the knot sequence book-keeping updated knots. In the algorithm, a new
knot is added if a sufficiently big reduction Az > 0 in a decision criterion = is achieved, and if the

new knot is sufficiently far away from interval boundary, A, > 0.

Step 1: The working knot sequence is supposed to be & = {&o, ..., &, +2). Set & = €. For each exist-
ing subinterval [&;,&41],i = 1,...,q;, find an additional knot £° € [&;, &;41] that minimizes a

selection criterion =.

Insert &° into &, if
E() - EE UE) > As
and if
E—E>N N E —E > As

Step 2: Put & = £". If one or more knots are added in Step 1, return to Step 1; otherwise stop.
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Algorithm 2: Knot relocation and deletion

For relocation and deletion, a TP B-spline with the desired degrees p; and p, is used. The algo-
rithm still searches only over the forward moneyness dimension, but the full set of no-arbitrage
constraints is imposed to ensure that knot relocation and deletion is achieved optimally in the pres-
ence of the constraints. The algorithm leads to the deletion of a knot if deleting &, is associated
with a value of = lower than the one associated with relocating or with keeping &;,;. If relocation
of &1 improves = overall relocate. If neither deletion nor relocation of &, results in a reduction

of Z, no adjustment is made.

Step 1: Denote by & the knot sequence book-keeping updated knots. The working knot sequence
is assumed to be & = {&, ..., &y +p+1), Where g1 > py + 1. Set & = &. For a subinterval
[&i,Eiv2), 1 = pi, ..., (g1 — 1), construct a knot sequence &, such that &, ¢ €, and (&4 U §;) =

&. Find an additional knot £7,, € [&;, &;42] that minimizes a selection criterion Z subject to
Eu—&>0 A Ena— & > Ae
(a) If
BEE) <E(E,VE) N EE)<E®E),
set &' = ¢&;;
(b) if
B VE)<EE) A B, VUE)<EQ,
set £ = (&7, V&;
(c) elseset & = €.

Step 2: Perform Step 1 for each subinterval [&;,&;12],1 = p1,...,(q1 — 1), sequentially in ascending

magnitude of i.

As a selection criterion we use the modified Akaike Information Criterion of Hurvich et al. (1998)
which is designed for model choice based on regression splines. It is given by

2(tr(S) + 1)

Epac = 10g(RSS) + 1 + ————,
mic = 10g (RSS) + M

€1y
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where RSS = Y% ,(z; — 2)?/n and S = B(B"B + AI)"'B7 is the linear smoother matrix. Note
that this is the smoother matrix of the unconstrained estimation problem, see Hastie and Tibshirani
(1990). The degrees of freedom of the constrained estimation problem are at least as large as in the
unconstrained case, or smaller depending on the number of active constraints. Since the number of
active constraints is random, using the unconstrained smoother matrix is a practical and at the same
time conservative procedure. Suitable alternative criteria could be the generalized cross-validation

statistic or the Schwarz criterion.

5 Simulations

In this section, we gauge the efficiency benefits from estimating a call price surface while imposing

no-arbitrage constraints and study the practical impact of the regularization parameter.

5.1 Efficiency study

The setting of this Monte Carlo study is as in Birke and Pilz (2009). We generate option price
data from the jump-diffusion model introduced by Bates (1996) for a time-to-maturity of 1, 2, 3,
6, 12, and 24 months. Interest rates and dividends are assumed to be zero, the underlying asset
price is §¢ = 1. Strike spacing is 2% on the interval [0.6, 1.4], which leads to 41 observations per
expiry. This spacing and the selection of expiry dates corresponds to the usual reality for options
written on large indices, such as the S&P 500. Prices are additively perturbed with i.i.d. mean
zero normally distributed error with variance o> = 0.01%. This implies a signal to noise ratio of
about 12. Given perturbed prices, we estimate the call price surface using the spline estimator in
three ways: (a) estimate a single-date (6 months) option pricing function while disregarding the
surface (univariate, ‘slice-by-slice’ approach); (b) estimate the surface without imposing calendar
no-arbitrage constraints; (c¢) estimate the surface using all constraints. We use the penalized estima-
tor with 4 = 107, three time-to-maturity knots and eleven knots in the strike dimension (counting

interior knots only). We do this 5000 times for a number of different smoothness assumptions
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on the splines. In Table 1 we report the pointwise mean squared error (MSE), the variance and
the squared bias from the exercise. All figures are expressed in relative terms to the MSE of the

estimation approach (¢). MSE numbers can therefore be interpreted as efficiency gains.

insert Table 1 about here

Skimming the numbers in Table 1, we see that the gains in MSE from imposing the full set of
constraints mostly range between 10% and 80% percent. The smallest gains of about 1% are only
obtained for moneyness in the neighborhood of one using the most parsimonious time-to-maturity
specification, the linear spline (p, = 1). But even in this specification, moving away into the
neighborhood of 0.8 or 1.2 moneyness gains are already as large as 12%. The largest efficiency
gains are obtained at the boundary of the estimation domain, particularly due to a reduction in bias.

These observations appear to be natural, but the size of the efficiency gains is striking.

Comparing (a) the slice-by-slice approach and (b) the simple surface estimator, we find that dif-
ferences are tiny. Thus, using a surface estimator without calendar constraints hardly improves
efficiency. Slice-by-slice performs equally well. Also, allowing for a more flexible parametriza-
tion in the strike dimension (p;) scarcely has any impact on MSE. This can be expected since strike
constraints are present in all three approaches. For higher degree splines along the time-to-maturity

dimension (p;), however, calendar constraint become increasingly beneficial.'?

In summary, we find substantial efficiency gains from fully implementing calendar constraints,

even when considering parsimonious parametrizations and moderate ranges of moneyness only.

5.2 Impact of the regularization parameter

As discussed in Section 4.1, due to the quoting conventions of futures exchanges, only a discrete

set of expiries is listed. Other expiries might only be observed on the over-the-counter market.

19Note that in the slice-by-slice approach, any changes in the numbers along the p,-dimension are entirely due to
variation in the denominator (the full constraints case). The numerator necessarily stays constant.
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As a consequence, the sample might be thinly populated for time-to-maturities between exchange-
traded expiries. This could lead to an ill-posed QP, which is addressed by choosing the penalized

estimator.

In order to understand the impact of penalization in the constrained estimation problem, we do
an L-curve analysis as suggested in Hansen and O’Leary (1993). The L-curve is a plot of the
regularization norm |@| against the (square root of the) residual sum of squares for a range of
admissible regularization parameters. Plotted on a log-log-scale, an L-shaped curve is typically

obtained; see Hansen and O’Leary (1993) for more details on this fact.

In Figure 2, we display the resulting curve for a wide range of possible values of 4. We compare
an unconstrained estimate with a fit taking advantage of the full set of no-arbitrage constraints,
both in strike and calendar dimension. The estimations are carried out on the option data set from
1 December, 2010; see Section 6.1 for the description. In the top panel, for the unconstrained fit,
a typical L-curve is obtained. For A < 107!, which corresponds to the left uppermost part of the
curve up to the kink, noise dominates the solution. For bigger values of A, the penalty starts to
dominate the solution, which results in a deteriorating fit as is expressed in the increasing residual

sum of squares.

This is in stark contrast to the shape-constrained solution. No L-curve is obtained. For all 4 €
[1072°,107!] almost the same combinations of the penalty term and the residual sum of squares
are recovered. This is because monotonicity and convexity constraints that are imposed on the
call price surface act as strong smoothing devices. They therefore enforce very similar solutions
for a wide range of the regularization parameter; see Dole (1999) for similar observations. In

conclusion, a precise choice of A is practically immaterial.

26



6 Empirical applications

6.1 Data

For the demonstration of the estimators we use end-of-day quotes of S&P500 option data obtained
from the OptionMetrics database. Along with the option data, S&P500 closing prices and zero
rates are provided. The data include all observations from 2009-2010 and are subjected to the
standard filtering rules applied in the literature to eliminate the influence of illiquid or otherwise
error-prone observations; see, e.g., Constantinides et al. (2011) for details. After filtering we com-
pute mid quotes from the bid-ask quotes. Since the options are European-style, we then calculate,
for each available expiry date, the implied forwards by means of the put-call-parity from the put-
call pair that is closest to at-the-money. This put-call pair is defined to be the one with the minimal

(absolute) difference between put and call price.

The unconditional estimates make use of the entire data set; the conditional estimates use the data
of a single date, namely from Wednesday, December 1, 2010. In the first case 168,419 observations
are available, for the latter single-date case 397. For estimation, puts are converted into calls by

put-call parity.

6.2 Conditional estimates

To demonstrate the penalized estimator, we choose data of a single date. We discuss parametriza-
tion and knot sequences and display the estimate of the call price surface. As a most useful appli-

cation of a conditional fit, we also derive the local volatility surface.

6.2.1 Parametrizations and knot sequences

Due to data availability of calls, we limit the analysis to the rectangle [x, x] X [X’ y] = [0.60, 1.30] x
[0.04, 1.00]. We employ a B-spline of degree five across forward moneyness and of a cubic degree

for the time to expiry direction, i.e. p; = 5, p» = 3. The regularization parameter is set to A = 1077,
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and the knot search and relocation algorithms are parametrized with A, = 10~ and A = 1074,

The knot sequence v in time to expiry is fixed at v = {0.047,0.150, 0.500, 0.834} without enu-
merating coinciding boundary knots. After Algorithm 1 is run, the selected raw knot sequence in
forward moneyenss direction is given by & = {0.603,0.868,0.936, 1.007, 1.072, 1.133, 1.304} with
E ooac = —12.902. Subsequent knot relocation and deletion in Algorithm 2 leads to an adjusted
knot sequence ¢ = {0.603,0.872,0.936, 1.005, 1.072, 1.133, 1.304} with no knots being deleted.
The selection criterion is only very moderately improved: Z,,c = —12.914. We interpret the tiny
adjustments occurring in the relocation process as an indication that the initial set of knots obtained
for the linear TP B-splines are already a very good approximation to the optimal set of knots of the

higher degree spline.

The control net that is the outcome of these optimizations is depicted in Figure 3. As explained,
the control net mimics the shape of the underlying surface. At the same time it represents the set

of sufficient no-arbitrage conditions on the call price surface.

6.2.2 The conditional call price surface

Figure 4 displays the estimated call price surface. Input data are shown as black dots. It is seen
that it smoothly adapts to the curvature delineated by the input data. The correct implementation of
the no-arbitrage constraints can be best inferred from the derivatives. For instance, in Figure 5 we
present the first-order derivative with respect to forward moneyness. Obviously, the no-arbitrage
constraint requiring that —1 < dz/dx < 0 is exactly matched for very short dated options only. This
implies that second-order strike derivatives will only be interpretable as a density after suitable

norming; see Section 6.3.1 for the details.

6.2.3 Local volatility surface

The sufficiency argument for no-arbitrage in a call price surface follows from an existence state-

ment of a non-negative Markov martingale which has the same marginals as those implied from
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the call price functions over the various expiry dates. Dupire (1994) and Derman and Kani (1998)
were the first to show how to construct such a Markov martingale from a call price surface.!! Re-
stricting the moneyness process M, to follow a continuous Markov martingale, its dynamics under

the risk-neutral measure are given by
dM; = o(M;, )M, dW, , (32)

where W, denotes a Wiener process and o(-) a deterministic local volatility function of unknown
functional form. Using the Kolmogorov forward equation, Dupire (1994) showed that local vari-

ance can be expressed by

8z ( 0%\
O'(Z)(X,y) = 25 (x2@) . (33)

By the zero subindex we stress that this function is entirely determined by the time zero snapshot of
the call price surface. For all > 0, setting o(M,, 1) = 0o(X, y)lx=m, - the moneyness process (32)

has the marginals as prescribed by the various time-to-maturity slices of the call price surface.

Nowadays, local volatility models are widely used in the practice of quantitative finance for pricing
and hedging mildly path-dependent derivatives. This is because these models neatly embed in
a portfolio context as they provide an almost perfect fit to observed option prices; at the same
time option pricing is fast and efficient. Numerous methods have therefore been suggested for
estimating the local volatility function; see, e.g., Jackson et al. (1998), Coleman et al. (1999), or
Mclntyre (2001). Given the present series representation of the call price surface, a convenient
direct way of recovering local volatility is to replace the first-order time-to-expiry and second-
order strike derivatives in (33) by the derivatives estimates we obtain from our single conditional
estimate of the price surface. The resulting local volatility estimate could then be placed into finite
difference schemes to price other options, such as barrier options or American options consistently
with given European call prices; see, among others, Andersen and Brotherton-Ratcliffe (1997) and

Dempster and Richards (2000).

In Figure 6 we plot the local volatility surface. It displays similar smiley patterns for the short

horizons that is known for implied volatility surfaces, and it becomes generally flatter for longer

1See Madan and Yor (2002) for an exposition of this theme.
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time horizons. It should be noted, however, that the precise local volatility shapes defy any reason-
able economic interpretation, a failing for which this model is heavily criticized; see Dumas et al.

(1998) and Hagan et al. (2002).

6.3 Unconditional estimates

Alternatively, one might be interested in studying an unconditional call price surface and its deriva-
tives. We take this as an example to estimate the family of unconditional state price density that

applies the unpenalized estimator. We take all available data between 2009-2010.

6.3.1 State price densities

Since the TP B-spline estimate has a bounded support, the state price density estimate does not
possess tails beyond the domain of estimation. A natural estimator of the family of state price

densities obtained from non-discounted relative call prices is therefore given by

. 1 P2xy) 1| &S&= o _ _
B(x,y) = == 0., BY, 0By, eI Xyl (34)

= 2 T = .
K(y) Ox K(y) j1=0 j»=0 e

where ¢(x, y) is the state price density and Bik; denotes the kth order derivative of the p-degree B-

spline basis function (see appendix for details on derivatives of the B-spline basis function). The

normalizing function

91 492
K(v) = 9 = 1)
K(y) N Z Z Hj"jz {le,l?l(x) - Bj1,p1(£)} sz»Pz(y) (35)
J1=0 j»=0
ensures that each density integrates to one across the strike domain. By construction of the esti-

mator, 0 < K(y) < 1. Since we model all prices relative to the forward, normalizing with K(y) is

equivalent to requiring that all forwards be correctly priced.

We present the estimated family of unconditional state price densities in Figure 7. Without any
specific optimization, we chose as knot sequences v = {0.04,0.10, 0.15, 0.20, 0.25, 0.30, 0.40, 1.04}
and ¢ = {0.20,0.45,0.71,0.85,1.02,1.16,1.30,1.53,1.82}, and 4 = 0. Since degrees are p; =
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5, p» = 3 for the estimate, the second-order derivative is still a cubic polynomial. This gives rise to
the very smooth appearance of the densities. The densities exhibit a slight asymmetry and thicker

tails on the down-side, as is usually found in the literature.

7 Concluding remarks

In this work, we suggest a TP B-spline estimator for the call price surface. To ensure the estimate
is arbitrage-free, we formalize sufficient no-arbitrage constraints on the control net of the TP B-
spline. Since the control net is independent of the degrees of the underlying spline, we are not
limited to using cubic splines as is the concurrent literature. We show consistency of the estimator,
provide an upper bound of convergence, which is Stone’s optimal rate, and discuss least squares
implementation. In simulations, we find substantial efficiency gains from implementing surface
constraints. We also study the choice of the regularization parameter. As a demonstration, we

apply our procedure to S&P500 call price data.

Further refinements could be implemented. For instance, a natural extension would be to combine
both puts and call data in the estimator. In this way, the put-call parity, as a linear constraint as
well, could be directly imposed in the quadratic program. This might be particularly interesting
when the purpose is to back out a Black-Scholes implied volatility surface from the estimate of the

option price surface. We leave this for further research.
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A B-splines: definition and properties

This appendix gives a brief review of the univariate B-splines and their properties. We draw on

Chapter IX in de Boor (2001) and Chapter 5 in Prautzsch et al. (2002).

A function s(x) is said to be a spline of degree p (order p+1) with knots &, . .., &, p+1 With & < &y
and &; < ;441 for all possible j, if s(x) is p — r times differentiable at any r-fold knot, and s(x) is
a polynomial of degree equal to or less than p over each knot interval [£;,&}.1]. A knot &; is called
r-foldif &y < & = ... = &1 < Ejy. On this sequence of knots denoted by &, g + 1 linearly
independent B-splines B;,(x) of degree p with minimal support and certain continuity properties
can be defined. The B-spline representation of s(x) is an affine combination of these basis functions

B; ,(x) such that

q
S(x) = Y 0Bj,(x) .
=0

Definition of B-splines. Denote by & a strictly increasing sequence of knots. We define B-splines

with degree p > 0 by the recursion formula (de Boor, 1972; Cox, 1972)

Bj,(x) = a;,_1(X)B;,-1(x) + {1 = @js1 p-1(X)}Bjs1 p-1(X) , (36)
where
X — é:j
Ajp1(X) = ———,
o Ejep — &
and

I, xe€l[§,&4),

0, otherwise .

Bjo(x) = {

In the presence of multiple knots, the B-splines are defined according to the same recurrence

formula with the additional convention that Bj,_(x) = Bj,_1(x)/(§jsr — &) = 0if &; = &}

The definition makes the following properties of B-splines evident. B;,(x) is a piecewise polyno-

mial of degree p; it is positive on (£;, &1 p+1), zero outside [&, &4 p+1], and right continuous.
Derivatives of B-splines. The first-order derivative of the basis function B;,(x) with respect to x
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is

B, B,
BEI;(X) _ p{ P l(x) _ j+Lp l(x) } ' (37)
’ Eiip— & Ejupn —Ejn
From this it can be shown that
, N0 -0,
S0 =p ) F—Bip(x). (38)
=1 §j+p - ‘fj

Recursive application of the identity (37) and relationship (38) gives B;’;(x), the k-th order deriva-

tive of B;,(x) with respect to x, where k < (p — 1), and higher order derivatives of s(x).
Control polygon. The graph of a spline function defines a planar curve
x = (x,5(x)).

As an important fact, this curve can be interpreted as a spline curve due to the linear precision

property of the B-spline stating that
q
x= ) £,
J=0

where the sequence of points .g-“;? = (§js1 + -+ +&jip)/p is known as Greville sites. Due to this
property, the collection of points (£7,6;) € R? is known as control points of the spline function
s(x) = 31;0,B;,(x). They form the vertices of the control polygon. Since B-splines form a partition
of unity, any point (x, s(x)) = (Z j ij (), 2, 0;B j,p(x)) 1S a convex combination of its control
points (barycentric combination). Therefore, the spline segments defined by the associated control

polygon lie in its convex hull; see Figure 1.

B Asymptotic analysis
B.1 General projection framework

As described in the main text, (9) and (10) have the interpretation of a projection in a suitably

defined normed vector space. Following Mammen et al. (2001), we introduce the vector space V
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which contains n-tuples of the form

<1 (x’ )’)
V= z= : : z€S(pr,prév),i=1,...,np, (39)

Zn(X,Y)
in which several subspaces are identified. First, the observed data vector Z = (Z;,...,Z,)" is seen
as an element g of V which is an n-tuple of constant functions, i.e. z;(x,y) = Z;,i = 1,...,n. This

subspace of constant functions is denoted by VZ. A candidate regression function z is interpreted
as an element _z) of V, which has identical entries everywhere, i.e. z;(x,y) = z(x,y),i = 1,...,n.
The subspace of such n-tuples is called V*. Finally, there is the subspace of constrained candidate
regression functions V¢ C V* whose elements have entries z;(x,y) = z(x,y), i = 1,...,n with

z € S(p1, p2; €, v).

Since the true regression function z; is only assumed to be r-smooth, we cannot directly construct

a vector zy that is element of V. We make z, element of V by replacing it by z;; by which we de-
H

note an approximation of zo(X;, Y;) in S€(py, p2; €, v) such that (% i1 (75X, Yi) = 20(Xi, Yi)2)1/2 =
Op(J,"). Such an approximation exists by standard spline theory; see (13.69) in connection
with Theorem 12.8 in Schumaker (2007). As for the candidate regression functions, we set
70{(%,y) = zp(x,y), i = 1,...,n, such that such that z; € V. Furthermore, w.l.o.g., we as-
sume that the B-spline representation of all elements O?(VZ are demeaned, i.e., are represented
by z2(x,y) = 0+ X4 X% _ 0., Bji pi (X) Bj, , (), where 8 is constant. This implies that the cor-

responding weight vector ¢;, ;, = O for all j;, j, whenever the element of V' is a constant. This

1,J2

construction will be vital for the analysis of penalized estimator.
We define an inner product on Vg by means of
1 n
(s @n== D X, YD) giX,, Y) (40)
- —> n -1
and its induced squared norm by

2_ 1IN oy y
uﬂfn;ﬁmm» (41)
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With this notation, (9) and (10) can be written as

Z2=argmin||Z - z|7, 42)
_z)e(VZ - =
and
AC . 2
¢ =argmin||Z - z|?, (43)
iE(Vé - -

By noting that for z € V%, we have
ﬁ

2 2 5 2
1Z -zl =1Z -2l +11Z - zll, -

Z b4

- - - >

This holds since Z — Z must be orthogonal to Z — z with respect to the inner product defined
- - - -

in (40), since Z is the projection of the data _Z) on V<. As a consequence of this observation, it
H

follows (Mammen et al., 2001, Prop. 1) that the minimization in (43) can be simplified to

2¢ = argmin|| 2 — z|]?.
ZG(VZC - -
z

(44)

Thus (43) is equivalent to projecting an unconstrained estimate on V<., the subspace with con-

strained candidate regression functions.

B.2 Proof of Proposition 3.1

Standard estimate. To arrive at the desired conclusion, we compare the empirical MSE of the

constrained versus the unconstrained estimator under the norm (41) in V. We have

A 2 2 2C 12 sC 2 2 2C 2C
12 = zoll, =112 = 2705 + 1127 — 2ol +2(2 = 27,27 — zo0n
- 5 - - - 35 - S 5 3

and from that
A «12  naC  _xpp2 A aC)2
z2-zl-1Z- -zl =112 -2"I; =0.
12 - zlh - 15 - zglh = 115 - 2511

This follows from the fact that (2 — 2,2 — z3), > 0, since 2 is the projection of 2 on V% and
= - 5 - -

V¢ is a convex set.
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In consequence, under the empirical norm, the constrained estimate 2¢ is at least as close to Zg as
the unconstrained estimate z, if not closer:
1 & 1/2 1 & 1/2
—_— AC . . — * . . 2 — 5 . . — * . . 2
(n ;@ (X, ) - 25(X:, Y) ] < (n ;(z(xl, Y,) - 25X Y) ] . 45)
Applying twice the triangular inequality and making use of the approximation, by which the true

regression function z, was replaced, one obtains

1/2

n 1/2 n
(1 3 K ¥ - (X Y»)Z] < (1 3 X ¥ - (X, Y,~>>2] LONIT).  (@6)
n i=1 n i=1

Finally, under Assumptions (A1)-(AS), it is a textbook result that }l SLGXLY) — 20X, Y)Y =
Op(Ju/n + J.7); see Theorem 15.1(7i) in Li and Racine (2007) due to Newey (1997). This proves

the first assertion.

Analysis of the penalized estimate. For the penalized estimator we alter the inner product (40) to
1 ¢ 1 <&

sy 8= = (X, Y) g X, Y) + A,— 0.-0,. 47

(/.8 n;f( ) 8i(X,, Y) nzlf . 47)

where the penalty parameter 4, — 0 is a deterministic sequence and where 8, - 8,, denotes the Eu-
clidian inner product applied to the B-spline weight vectors of the functions f; and g;. Accordingly,

the squared norm becomes

] & ] &
2 = — .2 Xi’ Yi + /1,1— 012 . 48
171 n;f,( ) nZ" il (48)

With these definitions and recalling that constant elements have a zero B-spline weight vector
by construction, the estimation problems (11) and (12) can be expressed as minimizations of the
squared norms (48) over the spaces V* and V.. The same line of arguments as for the standard
estimate then leads to the conclusion that

I« . A

~ D GG — (X0 V) + Al — 0,4 <

i=1

1 & (49)
Z ;(2/1()(1" Y) — 75(Xi, Y))* + 4,10, - 0z5|2 .
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Choosing A, — 0 such that A |0 6. |2 Op(J,/n + J,") and proceeding as before, yields

n 1/2
LY 06 1) - (X Y»)Z) <
i=1 . i (50)
[; DG ¥ = 20(X;, mf] +0p ((Unfn+ I,
i=1

whereupon one concludes as above.

C Monotonicity constraints on control net

Here we reproduce the proofs of Lemma 4.3 and Theorem 4.4 due to (Floater and Pefia, 1998,

Lemma 2.1 and Theorem 4.1).

Proof of Lemma 4.3: By differentiating (20) with respect to x, we get

ac] 1,2

Z,Bﬁe(y)A 01 ot = Z Z 10 Bt DIA16), e

k=0 ¢=0

by noting that «;, ;(x) + @;, o(x) = 1. An analogous argument is made for dc;, ;,/dy. Then the

directional derivative is

dcj, (9c L
Dycj j, =di (;;/2 L Z Z @, k(X) Bjp,e(y) (dlAlgjl,j2+€ + d2A26j1+k,j2) ,
=0 =0
from which the assertion follows. |

Proof of Theorem 4.4: Differentiate z(x,y) = 2,"'_  >*_ 0}, j, B}, p,(%) B}, »,(y) with respect to x.

J1=0 & j>=0
This yields
9. 2911 2 szz(y)z Ix Bj, p,(x) (5D
J2=0 J1=0
o
= Z Bjyp, () Z(HJI g =) % : Bj pi-1(x) (52)
j2=0 §I+P| ‘fz
- 1,
= Zszm(y)Z( Lo ]l Jz)leypl—l(x) (53)
J2=0 J1 §J1 1
= Z Bjyp, () Z A10ji-1,5,Bji pi-1(x) 5 (54)
J2=0 j1=1
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where the second equality follows from (38) and the third from noting that

St A& St jamt _ Siiem ~ &
P1 P P1

S T &1 =
The last equation uses the notation for A;6;, ;, from Lemma 4.3.

Applying now the recurrence formula (36) to B;, ,,(y) and inserting into (54) yields

q1 92

ZZle p1— I(X)szpz l(y)Z:szf(y)A 0}1 1,jo—C - (55)

J1=1 =1
where B, 0(9) = Wjy+p, =)/ Wjr+p, —Vj,) and B, 1(y) = 1 =B}, o(y). With analogous manipulations,
one gets

a1 92

== Y By (0B mZa,l KByt (56)

y Ji=1 jp=1
where «, o(x) = (&j,4p, — X)/(Eji+p, — &j) and @, 1(x) = 1 — @, o(x). It follows for the directional
derivative that

g g 1 1
Dyz= Z Z Z Z Bj\ pi-1(X) By p,-1 N, k(X)B,e(¥) (dlAlejl—l,jz—[ + d2A29j1—k,j2—1) (37
J1=1 j2=1 k=0 ¢=0

with d = (d,d>) € R?. Combined with Lemma 4.3, this yields that D,z > 0 on the rectangle

[‘fp]"fqﬁl] X [Upz’ Uq2+1]~ I
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P2 Univariate fit (‘slice-by-slice’) Bivariate fit without calendar constraints

Forward
moneyness 0.6 0.8 1 1.2 1.4 0.6 0.8 1 1.2 1.4

p1=3

rel. MSE 1 1.522 1.119 1.013 1.140 1.495 1.522 1.119 1.013 1.140 1.495

rel. Var. 1 1.331 1.117 1.013 1.139 1.323 1.331 1.117 1.013 1.139 1.323

rel. Bias?(x1072) 1 19.056 0.263 0.005 0.116 17.224 19.056 0.263 0.005 0.116 17.224
p1=3

rel. MSE 2 1.655 1.523 1201 1.464 1.602 1.677 1.418 1.123 1.364 1.339

rel. Var. 2 1.447 1520 1.201 1.463 1.417 1.438 1.412 1.123 1.364 1.201

rel. Bias?(x1072) 2 20.721 0.358 0.006 0.150 18.451 23.863 0.617 0.011 0.004 13.789
p1=3

rel. MSE 3 1.802 1.467 1.268 1.441 1.810 1.705 1.282 1.147 1.285 1.490

rel. Var. 3 1.576 1464 1268 1.440 1.602 1.487 1278 1.147 1.283 1.302

rel. Bias?(x1072) 3 22567 0.345 0.007 0.147 20.856 21.795 0.334 0.039 0.107 18.792
p1=4

rel. MSE 1 1.505 1.117 1.012 1.150 1.511 1.505 1.117 1.012 1.150 1.511

rel. Var. 1 1.319 1.117 1.012 1.149 1.341 1.319 1.117 1.012 1.149 1.341

rel. Bias?(x1072) 1 18.633 0.027 0.013 0.129 16.994 18.633 0.027 0.013 0.129 16.994
p1=4

rel. MSE 2 1.639 1.523 1.191 1.500 1.636 1.672 1414 1.129 1.397 1.359

rel. Var. 2 1.436 1.523 1.191 1.498 1.452 1434 1412 1.129 1.397 1.224

rel. Bias?(x1072) 2 20.288 0.037 0.016 0.169 18.395 23.850 0.191 0.034 0.007 13.499
p1=4

rel. MSE 3 1.774 1471 1244 1.450 1.829 1.690 1292 1.136 1.282 1.490

rel. Var. 3 1.554 1471 1.244 1.448 1.623 1473 1291 1.135 1.280 1.307

rel. Bias?(x1072) 3 21957 0.035 0.016 0.163 20.567 21.723 0.084 0.056 0.127 18.343
p1=>5

rel. MSE 1 1.495 1.117 1.015 1.142 1.492 1495 1.117 1.015 1.142 1.492

rel. Var. 1 1.310 1.117 1.015 1.139 1.328 1.310 1.117 1.015 1.139 1.328

rel. Bias?(x1072) 1 18.541 0.053 0.019 0.268 16417 18.541 0.053 0.019 0.268 16.417
p1=>5

rel. MSE 2 1.608 1471 1.195 1478 1.605 1.656 1369 1.126 1.367 1.343

rel. Var. 2 1.409 1470 1.195 1474 1.429 1.417 1369 1.125 1.366 1.211

rel. Bias?(x1072) 2 19944 0.070 0.022 0.347 17.666 23.824 0.001 0.028 0.064 13.140
p1=5

rel. MSE 3 1.743 1449 1255 1.449 1.805 1.673 1278 1.144 1.275 1.491

rel. Var. 3 1.527 1.449 1.254 1.445 1.606 1456 1278 1.144 1.273 1.308

rel. Bias?(x1072) 3 21.618 0.069 0.023 0.340 19.859 21.718 0.013 0.068 0.236 18.228

Table 1: Efficiency study based on the jump-diffusion model: dS,/S; = (r — d)dt + \V,dW! +
JdN,, dV, = k(6 — V,)dt + n\V,dW?, dW,dW,, = pdt; N, is a compound Poisson process with
intensity A, and log-normal distribution of jump sizes log(l + J) ~ A (log(1 + ) — 0'3 /2, 0'3).
Parameters are S = 1,r = 0,d = 0,V, = 0.1,k = 2.03,0 = 0.02,5 = 0.38,p = -0.57, 1, =
0.59,u; = 0.05, and o; = 0.07 as reported in Bakshi et al. (1997, Table III, column ‘SVJ’, p.
2018). Simulation results pertain to the option pricing function with time-to-maturity of 6 months.
p1 1s B-spline degree for forward moneyness; p, for time-to-maturity. All numbers are expressed
relative to the MSE of the bivariate fit with all constraints in place and computed from 5,000
simulation runs.
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Figure 1: Illustration of the univariate B-spline (blue line), its knot sequence &y = & = & = & <
&g, & < & = &g = & = &) (second horizontal axis), the associated control polygon (broken
red line) and Greville sites &, . ..,&. As examples the plot demonstrates that the spline segment
s[&3,&4) lies in the convex hull (dark-green shaded area) of its control polygon ¢y — ¢; — ¢; — ¢3
given by the set of points {(§], ), . . . , (€3, 63)}, where 6; is the weight of the corresponding B-spline
basis function. Likewise, the segment s[&g, &7) lies in the convex hull (yellowish shaded area) of
the control polygon c3 — c4 — ¢s — ¢ spanned by the points {(£3, 65), . . ., (&, 86)}. This property also
applies to the segments s[&4,&s) and s[€s, &) that lie in the convex hull of their respective control
polygons (not high-lighted).
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Unconstrained fit
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Figure 2: L-curve of log-penalty against log residual sum of squares (RSS). Penalty weight factor
Aranges in [1072°,10°]. Top panel shows the unconstrained fit. Bottom panel the fit imposing all
no-arbitrage constraints.
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B-spline coefficients

Figure 3: Control net of the estimates of Figure 4 and 5. The control represents the sufficient
no-arbitrage conditions on the TP B-spline.
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Figure 4: Arbitrage-free estimate of the transformed call price surface. TP B-spline is a five degree
polynomial in moneyness and cubic polynomial in time to expiry direction, i.e. p; = 5, p, = 3.
Surface is estimated from S&P 500 option call price data as of December 1, 2010, shown as black
dots.
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Gradient along forward moneyness
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Figure 5: First-order strike derivative of the estimate in Figure 4.
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Figure 6: Local volatility surface obtained according to (33) from the estimated call price surface

and its derivatives.
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Family of state—price—densities

Figure 7: Family of unconditional state price densities obtained as second-order strike derivative
of the estimate in Figure 4 and normed by (35). S&P 500 option data from 2009-2010.
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